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(i) A mustbe a normal fuzzy s¢t;
(ii)(“4) must be a closed interval fc
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Theorem 4.1. LedA € F(R). Then, A is a fuzzy number if and only if there exists a
closed interval [a, @ uch that \ —

forx € [a. b]
Alx)={ lx) furxe( 00, 4) (4.1)

m) for x E 00),

where / is a function from (—c0,q) to [0, 1] that is monotonic increasing, continuocus
from thejght, and such that /(x) = 0 for x e((— @; r is a function from (b, 00) to

[0,1] that is monotonic decreasing, continuous from the left, and such that 7(x) = 0 for

A{xJT

1t

lix}\ @/: | \“/"”
i .\

o, o a b 1".&2

Figure 43 General fuzzy number 4

=
X

expressed in the form (4.1).
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Alx) =

1 forx < [a, b]
[(x) forx & (—o00,a)
r(x) forx € (b, 00),

A{:]T

£ I rix)
P /: g
AN

Figure 43 General fuzry number A

expressed in the form (4.1).
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(a) wy =fj =y =13,l(x)=0forallx € (—o0, 1.3),7(x) = 0 forallx € (1.3, c<).

~—a

(b) wr=a.=1.25,b = o = 1.35,I(x) = 0 for all x € (—o0,1.25),r(x) = 0 for all
x € (1.35, c0).

o Membership

&

)

L& ]

1.3
(a)

F Y
1 h—-.———--ﬁ
a [} I
= 1 I
L 1 ]
o 1 ]
— ] 1
@ 1 1
2 »
3 .
= i 1
1 1
0 1 1
) 1.25 1.35
(5)
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Alx) =

1
I(x)
r(x)

JGs O

for x € [a, b] e A i.,\‘ g
forx € (—o0, a) // O N
for x € (b, 00), S 2

r(x) = [

F

0

o Maembership

10(x —1.3)+1
1013 —-x)+1

w = 1.2,

X
Figure 43 General fuzzry number A

expressed in the form (4.1).

wr =14,
forx € (—o0, 1.2)
forx € [1.2,1.3),

forx € (1.3, 1.4]
forx € (1.4, ).

L 4

]

" b = = =

-k
i

1.2

]
(%)
T

1.4

d) a=128,b=132,0, =12,0,=1.4,

1y = { Y for x € (~00, 1.2)
¥ =1125(—128)+1  forx e[1.2,1.28),
x) = 12.5(1.32 —=x)+1 forx e (1.32,1.4]
= 14 for x € (1.4, 00).
&
L T T —
& i
z 1 1y
o i
o Iy
E I
= i Ei
| e
© 0 1.2 E-]i 1.4 v
1.28|1.32
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A =90, b = 100, w; = 77.5, w2 = 100,
[PERFORMANCE je——tinauist a =90,b =100, o w2
1) = 0 forx € (—ce, 77.3)
~ ]10.08(x —90)+1 forx e [77.5, 90),
__Linguistic i
vaiues (states) rix) = 0 forx e (100, 00).

/
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Figure 4.4 An example of a linguistic variable.
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[a,b]*[d,e]={f *g|a< f <b,d<g<e}

ol o iy 0 e[d, €] oo [a,b]/[d, €] a0
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[a,b]*[d,e]={f *xg|a< f <b,d<g<e}

The four arithmetic operations on closed intervals are defined as follows:

[a,b]+[d,e] =[a+d b+e], (4.3)
[a,.b]—[d.e] = [a ~e,b—d], (4.4)
[a, b] - [d, €] = [min(ad, ae, bd, be), max(ad, ae, bd, be)], (4.5)

and, provided that 0 ¢ [d, €],
la,bl/[d,e] = [a,b] - [1/e,1/d]
= [min(a/d, a/e.b/d, b/e), max(a/d, a/e, b/d, b/e)]. (4.6)

The following are a few examples illustrating the interval-valued arithmetic operations
defined by (4.3)-{4.6):

[2.5]+[1,3] = [3,8] [0, 1] +[~6, 5] = [6.6],
[2.51-[13]=[-14  [0.1]-[6.5] = [-5.7].

[-1,1]-[-2,-0.5] = [-2.2] (3.4]-12.2] = [6.8].

[-1,1)/[-2,-0.5] = [-2,2] [4,10]/1,2] = [2, 10].
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[a,b] - [d, ] = [min(ad, ae, bd, be), max(ad, ae, bd, be)]

[a: b] ) [C:,d] — <

([ac, bd],
[bd, ac],
[min{ad, bc}, max{ad, bc}], forab>0ncd >0nrac <0

_ [min{ad, bc}, max{ac, bd}], forab<0Acd <0

fora>0Ac>0
for b<0Ad<O

la,b]/[d,e] = [a,b] - [1/e, 1/d]

= [min(a/d, a/e,b/d, bje), max(a/d, a/e, bjd,b/e)]

[a, 6]

if 0 & [a, b

ifa<O0ADb=0
fa=0Ab>0
ifa<O0Ab=0

H. Veisi (h.veisi@ut.ac.ir)
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A ={ay, a3}, B ={b, ;]. C = [c1,2],0 =[0,0],1 = [1, 1]. KEWLY uaJ_g (®)

1. A+ B=2B+A,
A - B = B - A (commutativity).

2. A+B)+C=A+(B+0C)
(A-B)-C =A- (B C) (associativily).

3 A=04+A=A4A+0
A=1.A=A -1 (identity).

4. A-(B+C) S A-B + A- C (subdistributivity).

The four arithmetic operations on closed intervals are defined as follows:
[a,6]+[d,e] =[a+4d b+e],
[a.b]—[d.e] =[a~eb-d],
[a,b] - [d,¢] = [min(ad, ae, bd, be), max(ad, ae, bd, be)],

and, provided that O € [d, €],

(la, b1/[d.e] = [a,b]-[1/e,1/d]

= [min(a/d, a/e,b/d, bje), max(a/d, a/e, b/d, b/e)].

*3)
(4.4)
(*.5)

(4.6)

5. fb-c=0foreverybe Bandc e C,then A- (B +C) = A- B + A - C (distributivity).
Furthermore, if A = [a,a], theng . (B+C)=a-B +a-C.

6. 0cA—-Aand 1 e A/A.
T.IfAEEandBEF,Lh&n: A+.BCE+F

A-BCE-F,
A-BCE-F,

A/B € E/F (inclusion monotonicity).

letA = [0,1], B =[1,2],C = [-2, —1]

Then, A-B =[0,2],4-C =[-2,0],B+C =[-1,1], and
A B+C)=[-1,1]Cc[-22]=A-B+A-C.
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(Interval Arithmetic) slo L SOluolxo ©

The four arithmetic operations on closed intervals are defined as follows:
[a,b] +[d,e] = [a+d b+e],
[a.b]—[d.e] = [a~e b—d],
[a, b] - [d, ¢] = [min(ad, ae, bd, be), max(ad, ae, bd, be)],

and, provided that 0 € [d, €],

(la,bl/[d.e] = [a,b]-[1/e,1/d]

= [min(a/d,a/e,b/d, b/e), max(a/d,a/e, b/d, b/e)].

43)
(4.4)
“.5)

(4.6)

LQO)L‘ 6|).> ) ul.u _Q_))lﬂa uul.w|).s o

(Extension Principle) aewgi Juol ©
P CREIN ENIE] USRI EEIN | ENRCH PR E TR o)
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Let A and B denote fuzzy numbers and let x denote any of the four basic arithmetic

operations. Then, we define a fuzzy set on R, A * B, by defining its c-cut, (4 * B), as

RA BRI ="4 %8

@.7)

for any & € (0,1]. (When[> = /| clearly, we have to requixe that 0 & “Blfor all @ € (0, 1].)

Due to Theorem 2.5, A * B can be expressed as

A*B= {] .(AxB).

ac{i.1]

Since (A  B) is a closed interval for each @ € (0, 1] and A, B are

also a fuzzy ber.

33e 93 CWT 5w dwlme .1
WIT 5 2 0L s9) duwle .2

Theorem 2.5 (First Decomposition Theorem). For every A € F(X),

A= U ad,
a&[0,1]

where A is defined by (2.1) and U denotes the standard fuzzy union.

(2.2)

(AX) = a - %A(x).

H. Veisi (h.veisi@ut.ac.ir)
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B(x) = 1

(Bslgy 9 Slawlos) $5B —p 5 bl Sl s gy

C
d
S
rh &

. 003k 59 cotmi S48 yhies 5300 alaal | B2

[0
{x+1)/2
| B—x)/2
(0
(x —1)/2
(52

forx<-landx =3
for —1<x =<1
forl <z =<3,

forx < landx >3
ol T x3
for 3&x =S,

e sl 5L aliculas ©
Lo (5B dac 9 °

A+B, A-B, A*B, A/B ,Ixis ez dlna :b3a ©
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(0 forx < —1landx >3 .
am =@tz for-l<rsi o Jbe gle 3L Gbiilas O
| 3-x)/2 forl<zx=3, * )
0 for % < Landx >5 Lo B dae 9> ©
Bx)={(x—-1)}/2 forl<x=<3
5-x)/2 for3<zx<S5.

\ ¢

WT o damolne @

WT o0 59 losl duwlxe @

‘ [a.b)+[d.e] = [a+d b+e],

[a,b]—[d.e] = [a—~e,b—d],
[a, b] - [d, €] = [min{ad, ae, bd, be), max(ad, ae, bd, be)],

G(A + B) = [4“’ 8 o 4&} for @< (0’ 1]’ and, provided that 0 € [d, €],
“A—B) = [4a —6,2—4a] fora € (0,1], (@, 51/1d. €] = [a, b1 [1/e,1/d]

= [min(a/d, a/e,b/d, b/e), max(a/d, a/e, b/d,b/e)].
wa.p)y = | [H+ 1225 da® —16¢ +15]  fora € (0,.5]
~ | [4e? —1, 4? — 162 + 15] for a € (.5,1],

wa gy — [[2a =D/ +1), G —2)/Qu+1)] fora e (O3]
(A/B) = | [2a —1)/(5— 20), 3 — 20)/Qa +1)] fora € (5, 1]

3 H. Veisi (h.veisi@ut.ac.ir)
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%A + B) = [4e, 8 — 4]

%A — B) = [4a —6,2 — 4a]

o Jbe gle 3L Gbiilas O

for a = (0, 1],
for @ € (0, 1],

¥

The resulting fuzzy numbers are then:

0
(A+B)(x) = { x/4
| B —x)/4
[0
(A—B)x) = { (x+6)/4
| 2—-1x)/4

“(A+B) =[4a,8- 4a]
Let 4o =X = f(x):%

a=0=>x=0;, a=1=>x=4
forx <0 andx > 28
for0<x <4
for 4 < 8,
rf=x=t Let 8—4a = x

forxr <—6 andx =2

for —6<x < -2
for -2 <x <2,

i I T
4 -3 2 - :i: 1 3 i 5
- iAB) L. W L I
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[(2e—1)/(5—2a), 3 —2a)/(Ra+1)] fore e (5,1]

The resulting fuzzy numbers are then:

0 forx <=—1 andx =3
(x+1)/(2—2x) for —1=x =<0
Bx+1)/(2x+2) forO=<x<1/3
B3—-x)/2x+2) forlfE3<x £3.

(A/B)(x) =

™

1
| |
: |
/o i
|
I ] I 1 I | [|
=1 [+] 1 2 3 4 5
cwm] |
SN :_—! o ¥ I—!
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aa . py = | [7497 + 122 =5, 4o — 16a + 15]
A 8) =1 [40? 1, 40 — 162 +15]

for a € (0, .5] “ e Jl:\.é ‘5‘03‘.—.‘ QL.\ML}A (@)

fore & (.5,1),

The resulting fuzzy numbers are then:

0
— (4 —x)¥?] /2
(A-B)x) = Eui_i.)m;; 1/

[4 - 1+x)"?] /2

L 1 P d

forx < -5 andx>15
for —5<x =20
forO0<x <3

for3 <x < 15,

*~
4.1
o
] e

< (A % B)

]
|
|
lﬂ 8 10 11 12 13 14 18
J
_|
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Let » denote any of the four basic arithmetic operations and let A, B denote fuzzy

numbers. Then, we define a fuzzy set on R, A x B, by the equation
(A * B)(z) = sup min[A(x), B(y)]

=4y

for all z € R. More specifically, we define for all z € R:

_ g} (A + B)(z) = sup min[A(x), B(y)].
3lgi 0 (X,Y) 25T Z=4 ,31 Wo z=xty
)-A.;.DL.’ oee ‘(2,2) 6(1,3) 6(0,4) (A — B}(z) —_ 511}] I]lil'.l[A{I), BU})],

T=x—y

(A - B)(z) = sup min[A(x), B(y)],

I=X-¥

(A/B)(z) = sup min[A(x), BO)].

e/ y

(4.9)

(4.10)
(4.11)
(4.12)

(4.13)

Theorem 4.2. Let % € {4, —, -, /], and let A, B denote continuous fuzzy numbers.
Then, the fuzzy set A * B defined by (4.9) is a continuous fuzzy number.

(A * B)(z) = sup min[A(x), B(y)]

I=XEy

(4.9)
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4.:3.4..;.4
A relation among crisp sets X, X3, ..., X, is a subset of the Cartesian product I_E)é X;.

It is denoted either by R(X, X5,..., X,) or by the abbreviated form R(X;|i € M,). Thus,
R(XI,X-E,_.‘,XH) EXI xrzx--- XXN:

so that for relations among sets Xy, X3, ..., X,, the Cartesian product X; x X3 x ... x X,
represents the universal set.

(Characteristic function) waaiis =l O

Denoting a relation and its characteristic function by the same symbol R, we have
oy 1 iﬂ'{xlrxlylviaxn}ER:'
FEE e ey o o { 0 otherwise
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A relation can be written as a set of ordered tuples. Another convenient way of
representing a relation R(Xy, X5, ..., X,) involves an n-dimensional membership array:
R = [ri.i...i,]- Each element of the first dimension #; of this array corresponds to exactly
one member of X, and each element of dimension ; to exactly one member of X, and so
on. If the n-tuple {x;,x3,...,x,) € X1 x X3 x ... x X, corresponds to the element r;, s, ..

of R, then

1 if and only if (xy, X2, ...,X,) € R,
vizewdn =) () ptherwise.

F;

Example 5.1 .
Let R be a relation among the three sets X = {English, French}, ¥ = {dollar, pound, franc, mark} JL"‘ o
and Z = {US, France, Canada, Britain, Germany}, which associates a country with a curmrency

and language as follows:
R(X,Y, Z) = {{English, dollar, US}, (French, Fraunc, France), {English, dollar,
Canada), {French, dollar, Canada), (English, pound, Britain}}.

This relation can also be represented with the following three-dimensional membership array:

US Fra Can Brit Ger US Fra Can Brit Ger

dollar 1 0 1 0 0 dollar 0 0 1 0 0

pound O O O 1 D pourd 0 0 O O O

franc 0 0 0 0 0 franc 0 1 0 0 0

mark 0 0 0] 0 )] mark 0 0 0 0 0
English French

H. Veisi (h.veisi@ut.ac.ir)
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(Reflexivity) cwlsail- byl o

)Joucwkd)._xo

A crisp relation R(X, X)) is reflexive iff (x,x) € R foreach x € X

(rreflexive) gwlSeil ue ©

Otherwise, R(X, X) is called irreflexive.

If (x,x) & R for

(Antireflexive) wlSeil 3o ©
ublis )y 0 ol Sl o188 sl owlSasl adaul) ©

every

x € X, the relation is called antireflexive.
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(Symmetry) ;, i o

SYMMETRIC ASYMMETRIC

A crisp relation R(X, X) is symmetric iff for every (x,y) € R, it is also the case
that (y, x) € R, where x,y,€ X.

polic jl B 0 sl OB 3929 pae :(Asymmetric) o liwl o

If this is not the case forjsome|x, y, then the relation is called asymmetric.

(Antisymmetric) o liwsl, ©

If both {x, y) € R and (y, x) € R implies x = y, then the relation is called antisymmetric.

2979 C5<Y7X> 9 <X7y> Caa> (‘E"b

2l XAy 45 315 (Strictly Antisymmetric) ¢ lizest IsuS1 e

If either {x,y) € R or (y, x) € R, whenever x  y, then the L <X,y> slacuis jl Sy bis S|
relation is called strictly antisymmetric. 25U XEY 45 315 399 <y,X>
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(Transitivity) Ll 5 J@isl o

Sl e

A crisp relation R(X, X) is called transitive iff (x,z) € R whenever both (x,y) € R
and (y,z) € R for at least one y € X.

(Nontransitive) Jisl e ©
(bl anbls (s Jlio S caundl) Subls 0 93 sl oyl s slls ©

A relation that does not satisfy this property is called nontransitive.

(Antitransitive) Jaslsy o

If (x, z) & R whenever both (x, y) € R and (y, z) € R, then the relation is called antitransitive.
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Example 3.6

Let R be a crisp relation defined on X x X, where X is the set of all university courses and
R represents the relation “is a prerequisite of” R is zntireflexive because a course is never a
preraquisite of itself. Further, if one course is a prerequisite of another, the reverse will never be
true. Therefore, R is antisyvmmetric. Finally, if a course is a prerequisite for a second coursc that
is itself a prerequisite for a third, then the first course is also a prerequisite for the third course.
Thus, the relation R is transitive.
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Example 5.2
Let R be a fuzzy relation between the two sets X = {New York City, Paris} and ¥ = {Bcijing,
New York City, London], which represents the relational concept “very far™ This relation can
be written in list notation as
R(X,¥) = 1/NYC, Beijing + O/NYC, NYC + .6/NYC, London +
.9/Paris, Beijing + .7/Paris, NYC + .3/Paris, London.

This relation can also be represented by the following two-dimensional membership array (matrix):

NYC  Paris
Beijing 1 9
NYC 0o 7

London N3 A

H. Veisi (h.veisi@ut.ac.ir) c
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Given a fuzzy relation R(X,Y), its domain is a fuzzy set on X, dom R, whosc
membership function is defined by

dom R(x) = ny:g;ﬂ(x, ¥) for each x € X. (5.3)

The range of R(X,Y) is a fuzzy relation on ¥, ran R, whose membership function
is defined by ran R(y) = max R(x,y) foreach y & Y. (5.4)

The height of a fuzzy relation R(X,Y) is a number, #(R), defined by
h(R} = max max R(x. y). (5.5)
That is, #(R) is the largest membership grade attained by any pair (x, v} in R.
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X R Y
]
9
X Oree—] —0O ¥
\ Yl .‘."2 Y3 ¥ ¥s5
Ty O— 4 x 9 1 (4] 0 4]
2 s —g ¥a
__——'______...'-——-—""__ 2 ] 4 0 4] 0
A3 { :i 1
OV, X3 0 3 1 2 0
2 R=
O~ — i xy | 0 0 0 1 4
—
4 1] 0 1] 0 s
X O— \;‘O ¥4 Ry
2

(a)

Figure 5.2 Examples of two convenient representations of a fuzry binary relaton: [a) sagittal
diagram; (h) membership matrix.
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Membership matrix

IO‘R\
2 O

30

4 O]

Y £ /1';4
== L ] o
2

Sagittal diagram

o P N e B

Simple diagram
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R Yy, x) =R(x,y) forallz e Xandall ye Y.

) = [r;,li
= (R)! =R
Jlo ©
0.3 0.2]
B R N
0.6 04
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Ll g, (Max-min composition) s, luilicl cas 43 O
P(X,Y) and O, Z)
R(x,?) = P(X,Y)-Q(¥,2)
R(x.z) =[P=0Q](x.2) =ny:léarxmin[P(x. V). Q(v.2)] (5.7
foralx e Xandall z e Z.

Cal plpo OT weS2o 9 Caml (ASSOCIALIVE) izl Cammols ()13 3 la5kuol S 5
oo ulg) puSe o S S5 L

[P(X,Y): Q(Y,2)]"" = Q"H(Z,Y)= P7(Y, X),
[P(X,Y) Q(Y,2Z)] ~R(Z,W) = P(X,Y)-[Q(, Z)- R(Z, W)].

Cans (cOmmutative) iy olbul> 3 lsbuel cuS 5 ©

Evenif X = Z mm) p(X V)-Q(Y,2Z) # Q,2)- P(X,Y).
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LetP = [pit], Q = [gx;], and R = [r;;] be membership
matrices of binary relations suchthat R = P - Q.

[ri;] = [pix] © [gs;],

where ryj = max min(Pik, gi;)-

3 5 8 9.5 .7 7 8] 3 5
g 7 1 |=«|]|3]|2] 0 & =] 1 2 5
4 6 5 11{of .5 .5 ), 3 ] ol

B[= ry1) = max[min(.3, .9), min(.5, .3), min(.8, 1)]

[= SRSV}

-
.

a
@
(S ‘. -

C )

kL A‘ l:‘?“-;‘J _:d

‘ “ ' " i

ESaae® O

oo 65)9 9‘ ‘Qgé J

e pile ilas soas 53 O

(5.8)

JGs ©
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= max[min(py;, g11), min(py2, g21), min(p13, g31)1,

4= 7;;) = max[min(.4,.5), min(.6,.2), min(.5, 0)]

J

max[min(ps, gi2), Min(psz, gz2), min{ pa3, ga2)].
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P(X,Y) and O, 2) (538 alasly g sl 8 P+ 0 (slakaal, (JOIN) Jluail O

R(x,y,z) =[P Q](x,y, z) = min[P(x, y), Q(y, 2)] (5.9)
foreachx e X,y¢Y,andz € Z.

[£eQ]x,2z)= %;:[P * Q](x, ¥, 2) (5.10)

foreachx e X andz ¢ Z.

R(x.2) =[P°Q](x.2) =11éarxmin[P(x. V). Q(r, 2)] (5.7
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The join § = P * (J of relations P and Q given in Fig. 5.3a has the membership function given
in Fig. 5.3b. To convert this join into the corresponding composition R = P+ @ by (5.10), the
two indicated pairs of values of S(x, v, ) in Fig. 5.3b are aggregated by the max cperator. For

instance,

m&x[s{lsﬂ* JS)- 5(1! b! .18)}

= max[.7, 3] =.7.

PP

-.______.f;__ﬁ_
;

90 |

(a)

Join: 5=P+Q Composition: R=P-Q
X y 2z Hg(X, ¥, Z) x z Hp (X, Z)
1l a « 6 I o .6
1 a § T 1 g 7
1 b g 5] 2 o b
2 a2 « 6 2 g 8
2 a 8 8 3 B l
3 b p 1 4 4
4 - A]
4 ¢ B a
[b) (c)
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R(X, X) is reflexive iff R(x,x) =1 forall x € X. u-uLS.a.\‘ o
If this is not the case for some x € X, the relation is called irreflexive;

if it is not satisfied for all x € X, the rclation is called antireflexive.
A weaker form of reflexivity, referred to as e-reflexivity, R(x,x) > ¢, where 0 < & < 1.

w43 O
A fuzzy relation is symmetric iff R(x,y) = R(y.x) forall x,y ¢ X. o)
Whenever this equality is not satisfied for some x, y € X, the relation is called asymmetric.
Furthermore, when R(x, y} > 0 and R(y,x) > 0 implies that x =y for all x, y g X,

the relation R is called gntisymmetric.

Jisl o

A fuzzy relation R (X, X) is transitive (o1, more specifically, max-min transitive) if
R(x,z) = mé;min{ﬂ{x,y),R@,z)] (5.11)
¥

is satisfied for each pair {x, z) € X2

A relation failing to satisfy this inequality for some members of X is called nontransitive,

ﬂ.ﬂd ].f R(x: z] - m:_}%:m_in[R(xj J’)m R(}’.Z)],
y

for all (x,z} € X7, then the relation is called antitransitive.
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Example 5.7

Let R be the fuzzy relation defined on the set of cities and representing the concept very near.
We may assume that a city is certainly (i.e., to a degree of 1) very near to itself. The relation is
therefore reflexive. Furthermore, if city A is very near to city B, then B is certainly very near to
A to the same degree. Therefore, the relation is also symmetric. Finally, if city A is very near
to city B to some degree, say .7, and city B is very near to city C to some degree, say .8, it is
possible (although not necessary) that city A is very near to city C to a smaller degree, say 0.5.
Therefore, the relation is nontransitive.
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