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#ropositional logic $ ¢ v a¥v Al
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TABLE 8.1 LOGIC FUNCTIONS OF TWO VARIABLES

V2 Adopted name | Adopted | Other names used Other symbols used

i of function symbol in the literature in the literature

wy q 0 0 0 0 Zero function 0 Falsum F,1

w2 |0 0 0 1 | Nor functicn Vi ¥ v2 | Pierce function v1 L vy, NOR(vy, v2)

w3 0 0 1 0 | Inhibition v <4 v2 | Proper inequality v > U2

ws | 0 0 1 1 | Negation Ta Complement —v3, ~ v, V)

ws 0 1 0 0 [ Inhibition vy | vz | Proper inequality Ul < vz

ws [0 1 0 1 | Negation U Complement vy, ~ vy, v)

wy |0 1 1 0| Exclusive-or v;1 @vs | Nonequivalence vy E v, v By

function

wy 0 1 1 1 | Nand function vy A vz | Sheffer stroke vylvz, NAND(v, v3)

we 1 0 0 0 | Conjunctivie V1 A U2 Aud function v1&ug, V1U2

wp |1 0 0 1 | Biconditional v < 2 | Equivalence v =g

wp |10 1 0| Assertion vy [dentity vy

w2 |1 0 1 1 [ Implication vy 4= vy | Conditional, vy Cug, U >y
inequality

wiz |11 0 0| Assertion V2 [dentity va

wis |1 1 0 1 | Implication v; = v | Conditional, I I D TR V)
'mequali'ty

ws | 11 1 0 | Disjunction vy VY vz | Or function v+ vz

wig |1 1 1 1 | One function 1 Verum g
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logic primitives 6al WAGE&OPALSCWA
v% %Caou ¢rty°o 0 rtvopfg wz CéOpu U:
CEAY WAY] w
#lisjunction $OR  {c#njunction SAND #legationSNOT ¢ wa %0 6 U Y
#mplication $ + v A igalionSNDT Cwa %o o a Y

wgrimitive  y CilegiEformula $ Cé Opu 6
CeOpu ¢wa 6AU YA

Logic formulas are then defined recursively as follows:
1. if v denotes a logic variable, then v and v are logic formulas;
2. if @ and b denote logic formulas, thena A b and a Vv b are also logic formulas;
3. the only logic formulas are those defined by the previous two rules.

O
=
c

For example, (7, A 72) v (v A Ta) v (V2 A v3)
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#autology $ wuy ¢ A ¥t

Céwp o A(HA (Aﬂ 9}?:} b (modus ponens),
Cow C{E{/(a = b)) = @ (modus tollens),
CN3%a AWLS b AD=c) = (a=>c) (hypothetical syllogism).
a b @a=b) | @arn(@a=b) | ar@a=b)=bhb
0 0 1 0 1
0 1 1 0 1
1 0 0 0 1
1 1 1 1 1
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A Boolean algebra on a set B is defined as the quadruple

= (B’ =+ _>,

#d° o A ¢ Gvidy O IEfE6E

...cg-asgg.nT*

where the set B has at least two elements (bounds) 0 and L;
+ and . are binary operations on B, and
— 18 a unary operation on B for which the properties

listed in Table 8.2 are satisfied.

TABLES8.2 PROPERTIES QF BOOLEAN ALGEBRAS

(Bl) Idempotence a+ada =a
a-a4a =a
(B2) Commutativity a+b=~5b+ta
=b-a

(B3} Associatlvity

(B4)  Abscrption

(B35} Distributivity

a+{a-b) =a
a-{a4+b) =a

(B6) Universal bounds
a-1=ag,g-0=1

(B7) Complementarity a+a =1
a-a =10
1=0
(BY) Iovolation d=a
(BY9) Dualization a+b=a-b
a-b=a+b

m+m+c_a+w+ﬂ
fa-by.-c=a-{b-e)

a-(b+ec)=la-&)+a-c
a+b-c) =(@atb-late)
a+ll=a,a+l=1
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TABLES8.2 PROPERTIES OF BOOLEAN ALGEBRAS

Involution A=A
Commutativity AUB=BUA
ANB=BNA
Associativity AUB)UC=AUBUO)
ANB)NC=ANBNC)
Distributivity ANBUC)=(ANBIUMANGC)
AUBNC)=(AUBNAUC)
Idempotence AUA=A
ANA=A
Absorption AUANB)=A
AN(AUB)=A (B1) Idempotencs
Absorption by X and & AUX =X . e
AN =2
I dentity AU - A (B3) Associativity
A N X p— A (B4) Absaorption
Law of contradiction ANA=Q (B3) Distributivity
Law of excluded middle AUA=X (B6) Universal bounds
De Morgan’s laws ANB = X U E (B7) Complementarity
AUB=ANB
(BY) Iovolation
(B9) Dualization

a+a=a
a-a =a
at+bh="5b+a

a-b=5b-a

@a+b)+c=a+b+o
{(a-By.c=a-b-c)

at+{a-b)=a

a-fa+b) =a
a-{b+c)=(a-b)+@-c}
a+(b-o
a+l=a,a+1l=1
a-1l=a,ea-0=10

a+d =1
a-E =0
I=0
a=a
atb=ua-b
a-b=ga+b

= (at+ B - (a+¢)
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TABLE 8.3 CORRESPONDENCES DEFINING
ISOMORPHISMS BETWEEN SET THEORY,
BOOLEAN ALGEBRA, AND PROPOSITIONAL LOGIC

a Yy A= wad AYAUQ-U

"\ /

\\\\\\

#d° 0 AW ¢ w0 [EfE6e | I

#somorphic $ ¢, €% @ga-°Cw
%06 @go/ECA ytr %L Cod!wbu Cv

CoAz %{ «
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Set theory Boolean algebra Propasitional logic

P(X) B L(V) V: a set of !og:ic variables
U + v L(V): the set of all
N R combinations of truth
_ - . values of these
¥ { 1 variables.
%} 0 0
c < =
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where x is 2 symbol of a subject, and
P designates a predicate that characterizes a property.

“Austria is a German-speaking country”

“Austria” stands for a subject and
“a German-speaking country” is a predicate.
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P(I'_., D, % PRI t-xrr}
for n = 2 an n-ary relation among subjects from
designated universal sets X, (i € [¥,).

For example,

X is a citizen of x; is a binary predicate,
where x; stands for individual persons from a designated population Y, and
xz stands for individual countries from a designated set X; of countnes.

x,= Ali, X ; ={Ali, Jason, Hari, Iman }

X,=lIran, X , ={lraq, UAE, Iran, Qatar, USA, Germany}
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Existential quantification of a predicate P(x) is expressed by the form

(Fx) P (x),
which represents the sentence

‘|‘There exists an individual x |suc]1 that x is P* or

“Some x ¢ X are P"
3 : existential quantifier

We have the following equality: | (Ix)P(x) = v P(x).| (8.1)
el

CuAty A & @R £Fu ApP A
Universal quantification of a predicate P (x) is expressed by the form

(Vx)P(x),
which represents the sentence
“For every individual x], x is P” or
“All x € X are P”
Y . universal guantifier

{Lﬂaaﬂ}g the following equality holds: | (Yx)P(x) = /\ P(x).| (8.2)
ek
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(Fe1) (Vx2) (Fxz) P (xy, X2, ¥3)
stands for the sentence
“there exists an x; € X such that for all x, € &, there exists x; € X;
such that P(xy, x5, x3).”
For example,
if Xy = X5 =X3=[0,1] and P(xy, X3, x3) means x; < Xx; < X3,
then the sentence is true (assume x; = 0 and x; = 1).
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#redicate logic $ ¢ wp Av
WEB CEiCyws Vv 3%E UApaold ! %v AL

6 uwE
) )NCo, Y+ Bywlu WCEv ¢ wHiz ¢%WEaE

yxl opywu %E!weéu wWezuCApeaAO & W

¢ At wy wé ¢CA%T Y%Bvoael Wa®pAEWEL %C
Eat(x, Water) sudy(Ali, Fuzzy)
# 1Ay EBAC HAQ S AEFBEAWE ¢ GGl AR y wC z
v x ( humaortal)) °5 %Cu Cu wa =1 j
A x ( s npaisoeo(sx))°P e Fa CaA wawi

WCEv a°UspviAfaCli AE
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Modus ponens (mod pons)
Given P = Q and P to be true, Q is true.
P=>Q
P

Q

Modus tollens

Given P = Q and ~Q to be true, ~P is true.
P=Q
~Q

-P

Chain rule (hypothetical syllogism)

Given P = Q and Q = R to be true, P = R is true.

P=0Q
Q=R

P=R
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(i) All men are mortal. Gwehva pa A

(i) Confucius is a man.
Prove: Confucius is mortal.
i viaw{Y ¢v
(i) Vx (man (x) = mortal (x))
(ii) man (Confucius)
(iii) mortal (Confucius)

¢ Av ¢ A¥Confusids ¢v %z y ¢ A% wwy Y¢ A

man (Confucius) = mortal (Confucius) [

= ~man (Confucius) v mortal (Confucius) v SErl ]

A~ | ¢ Av-manfCerifueius) Ai ¢ AviisuiC &3040y w

False v mortal (Confucius)
= mortal (Confucius)
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#Heisenberg principle of uncertainty $ @ %{ y Aéwa ¢CbOe
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It is common in these logics to denote the truth, falsity, and indeterminacy
by 1, 0, and 1/2, respectively.

4 2 It is also common to define the negation @ of a proposition a as 1 — a;
4 PWA mitis, T=00=1 and 12 = 1/2

TAL S84 PRIMITIVES OF SOME THREE-VALUED LOGICS

Fukasiewicz Bochvar Kleene Heyting Reichenbach
a b NN I N4 NN D> ANV Do XN SN
0 0 0 0 11 0 0 1 1 | S & 1 PO | 00 1 1 5 SR (T |
0 % 0 3+ 1 } b S S I 0 & 1 3 0 ¥ 1 0 cC ¢+ 1 %
0 1 0 & 1 0 D1 10 0 1190 0O 1 1 0 & 3 300
1 0 0 % 4 % P 101} 0 3 3 % 032 00 0 % 3 1}
i 3 $ 41 1 b+ 404 t 4 4 4 b4 L] 2 S O |
3 1 } I 1L} SR § 11 % 3 1 1 % 111 %
1“0 01 00O Dt 0O 0100 01 0 0 g8 1.6 0
E 4 TR 1 & 4} ¥ 1 &4 BRI i1 43
N -2 i & ok 1 11 1 ) S O 1. 1 I ) L T ol
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They differ from each other only in their treatment of the new truth

value 1/2.

[None|of these three-valued logics satisfies the law of contradiction (@ Az = 0),
the law of excluded middle (a\va = 1), and some other tautologies of two-

valued logic.

quasi-tautology

a logic formula in a three-valued logic which does not assume the truth value 0
(falsity) regardless of the truth values assigned to its proposition variables isa

quasi-tautology

quasi- contradiction

w1

alogic formula which does not assume the truth value 1 (truth) isa quasi- contradiction
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The set T,, of truth values of an n-valued logic is thus defined as

0 1 2 n—-2 n-1
T"—{O-n—l'n—l'n—l’”.'n—l’n_;—l—l}'

These values can be interpreted as degrees of truth.

a=1-a, )
@ A b = min(g, b), avbhb=(a=b)y=0>,
a Vv b = max(ae, b), r (83)mm) anb=avbh
a=b=min(l,14+b-a), asb=(a=b)Ab=a)
asb=1-|a—b>b|.
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L, : the n-valued logic of Lukasiewicz (7 = 2)
The truth values of L, are taken from T,

L, - the classical two-valued logic

L * an infinite-valued logic
whose truth values are taken from the countable set T
of all rational numbers in the unit interval [0, 1].

The term infinite-valued logic is also called the standard Lukasiewicz logic L,

L, . the standard Lukasiewicz logic
whose truth values are represented by all the real numbers
in the interval [0, 1].
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Lukasiewicz logic L is isomorphic to fuzzy set theory
based on the standard fuzzy operators.

The two-valued logic is isomorphic to the crisp set theory.

fuzzy set theory (mm | L,

The membership grades A(x) can be interpreted as the truth values of

the proposition “x is a member of set A”

Ly

=

fuzzy set theory

The truth values of proposition “x is P” can be interpreted as the
membership degrees P(x) of x in the fuzzy set characterized
by the property P,
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The canonical form of fuzzy propositions, P,
p:Vis F, (8.4)

where V is a variable that takes values v from some universal set V,

and F is a fuzzy set on V that represents a fuzzy predicate,
such as tall, expensive, low, normal, and so on.

Performance is Very Good

Temperature is High

T (p): the degree of truth of proposition p
F (v} : the membership grade of F to which v belongs

T(p) =F(v)
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V : the air temperature at some particular place (variable )
F : high (predicate)
p : temperature (V) is high (F). ( proposition )
T(p) : the degree of truth

depends on the actual value of the temperature and
on the given definition (meaning) of the predicate high

For example, if v = 85, then F(85) = 0.75 and T (p) = 0.75. < T(p) = F(v)

F(v) A T(p) /
o) A i
1~ 1 A
10 Y
075 | ———————————————— 075
, s 1
|
|
|
|
]
0 | i | | | | I | ! | |
(4] 10 20 30 40 50 60 70 80190 100 110 120 0 o T 1
—— F(v)
¥ 85 0.75

(@) (b)

Figure 8.1 Compcnents of the fuzzy propesition p: Temperature (V) is high (F).
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If V becomes a funcionV :/ — V,
where V(i) is the value of V for individual i in V.

The canonical form must then be modified
p:V(@)is F, wherei e I. (8.6)

Forexample, ] is a set of persons, each person is characterized by his
or her Age, and a fuzzy set expressing the predicate Young is given.

p : Age(i) is Young.
T (p) = Young (Age(i)).

Any proposition of the form (8.4) can be interpreted as a possibility
distribution function 77 on V that is defined by the equation
re(v) =F(v) for each value v € V.
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Propositions p of this type are characterized by either the canonical form
p:Vis Fis S, (8.7)

or the canonical form
p:Pro(Vis F}is P, (8.8)

Pro {V is F}: the probability of fuzzy event “V is F”
S : a fuzzy truth qualifier
p . a fuzzy probability qualifier

Both S and P are represented by fuzzy sets on [0,1].

Performance is 90% is Very Good

Temperature is Around 75 is Likely

p:Vis FisS wes) fruth-qualified
p:Pro(Vis F}is P we) probability- qualified
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An example of a truth-qualified proposition
“Tina is young is very true,”

Assuming that the age of Tina is 26, she belongs to the set representing the
predicate young with the membership grade 0.87.
Hence, our proposition belongs to the set of propositions that are very true with

membership grade 0.76.
A(x) A t(a)
1
D574 A =Young
0.75 Y
A =Very &
Young 2
0.5+ ;;3
0.36 ~ g
«
0.25
! 3L ~
0 20 4 40 60 Age
Tina

(a) Figure 8.2 Truth values of a fuzzy proposition. (b)

) Yell Af ya®OME

0.76

(Tina Is Young is Very True ]

Absolutley true
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In general, the degree of truth, T(p), of any truth-qualified proposition p
is given for each v € V by the equation

T(p) = S(F@)). (8.9)

Let G(v)=S(F(v)),
the truth-qualified proposition “Vis F is S ¥ becomes
the unqualified proposition “V is G .»

Let us discuss now probability-qualified propositions
p:Pro(Vis F}is P,
For any given probability distribution f on V, we have

Pro{Vis F} = Z fw)- F(v);

veV
and, then,
T(p)=P()_ f(v)- F(v)).
veyV

Cai
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let variable V be the average daily temperature ¢ in °F at some place on
the Earth during a certain month.

Then, the probability-qualified proposition may be

p : Pro [temperature ¢ (at given place and time) is around 75°F} is likely

1 e nnssas
At) . 1

Unli}(ely Lil;ely

predicate “around 75°F” Very
Unlikely ___Very
Likely
0 1 | 1 L 1 . .
70 72 74 76 73 80 82 qualifier “likely 8
t (°F)
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Let us discuss now probability-qualified propositions

p:Pro(Vis F}is P,

For any given probability distribution f on V, we have

Pro{Vis F} =) f()  F(v); (8.10)
veV
and, then,
T(®)=P()_ f)- F(v)). @811)
vey

Assume now that the following probability distribution (cbtained, e.g., from relevant
statistical data over many years) is given:

t | 68|69 |70 |71]72]73|74|75|76|77|78)|79|80| 81 | 82 | 83

] .002].005] 005 .01].04] 11] 15] 21] .16

) Ows ) aCi A£E § a

.14|.11l.o4[.a1i.035§.ud£|.oﬂ1‘

Then, using (8.10), we obtain
Pro(tisclose to 75°F) = 01 x 254+ 04 x 5+ .11 x .75+ .15 x 1+ .21 x 1

4+ 16x 14+ 14 x.754 .11 % .54+ .04 = .ES

applying this result to the fuzzy probability likely in Fig. 8.3b, we
find that T°(p)

Unli}(ely Lik'ely

1
A ()

0

———— . .

| L 1 1
70 72 74 75 73 B8O
t {°F)

| e —

Vary —p
Unlikely e Very
Likely

7 . S
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However, if we replaced the qualification [ikely in our proposition with very likely,
the degree of truth of the new proposition would be onI}r‘

Replacing our fuzzy predicate around 75 with a crisp predicate in the 70s,

we obtain

Pro{z is in the 70s} = » | f() = .98,

and T'(p) becomes practically equal to 1 even if we apply the stronger qualifier very likely.

| g i

Unli}(ely Lik'ely
At) 1
------ 37
Vary i
Unlikely ! et Nery
t Likely
Za a PR -.-I
1 L1 1 i
0 L
70 72 74 76 73 80 2 = : f
0 25 5 1
1!0F} .8
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Propositions p of this type are expressed by the canonical form
p: fXis A, then Y is B, (8.12)

where X, Y are variables whose values are in sets X, ¥, respectively, and
A, B are fuzzy sets on X, Y, respectively.

) ;%) s R (5.13)

where R is a fuzzy set on X' x Y that is determined for each x € X and
each y € Y by the formula

R(x,y) =J[AX), B(k)],
where J denotes a binary operation on [0, 1] representing a suitable
fuzzy implication.

¢ Avd wAiau ¢ Vaiwo v} wE@ AwaicvA 2

If Temperature is Low, Then Speed is Near Zero

Cai

1
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For example, the Lukasiewicz implication

J(a,b) = min(1,1 — a + b). (8.14)

Let A= .1/x, + .8/x; + 1/x3 and

B =.5{y+1/y.
Then
R=1/x1, 1+ 1/x1, y2 + .7/%20, y1 + L/x2, y2 + 5/x3, 11 + 1/23, ya.
This means, for example, that
T(p)=1when X = x) and Y = y;
T(p) =.7whenX = xy and Y = y,; and so on.

Cai
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Propositions of this type can be characterized by either the canonical form
p: HXisA, thenYis Bis S (8.15)
or the canonical form
p:Pro[{Xis AlY is B} is P, (8.16)
where Pro [{X is A|Y is B} is a conditional probability.

Cai
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PV VS YUY ¢Ewar:

“There are about 10 students in a given class whose fluency in English is high.”

=

cel A£EwuCa y

p: There are Q i’s in [ such that{V(i) is F,

(8.17)

where V is a variable that for each individual { in a given set I assumes a value V(i),
F is a fuzzy set defined on the set of values of variable V, and

Q is a fuzzy number on R.

I is an index set by which distinct measurements of varable V' are distinguished.
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Py ¥ YUy cEwa:
p : “There are about 10 students in a given class whose fluency in English is high”
p’ : “There are about 10 high-fluency English-speaking students in a given class.”

\ ¢ ¢ wa AMYAU

#owasQ 2y p

p - There are Q i’s in [ such that V(i) is F,1

p' : There are Q E’s, (8.18)

where Q is the same quantifier as in (8.17), and
E is a fuzzy set on a given set [ that is defined by the composition

E@)=F(V(@)) foralli el. (8.19)

697
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PV ¥S$ yUAEy ¢ w
Proposition p’ of the form (8.18) may be rewritten in the form
piWis Q, (8.20)
where W is a vaniable taking values in R that represents the scalar cardinality
of fuzzy set E(i.e., W = |E|).

Obviously,
|El =3 _E@) =) F@)
and, for each given f:zlzy set E ,‘::e have
T(p)=T(p) = O(E)). (8.21)

Proposition “W is Q" induces a possibility distribution function, rg,
that is defined for each |E| € R by the equation
ro(IEl) = Q(E)). (8.22)
rg(|E]) expresses the degree of possibility that W = |E|.
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) owbvSg, +Whay
p : There are about three students in I whose fluency in English, V(i), is high.

Assume that ] = {Adam, Bob, Cathy, David, Eve}, and _h
V is a variable with values in the interval [0, 100] that

express degrees of fluency in English.

Both Q and F are defined in Fig. 8.4.

As an example,

1 g e vasaaise e wennae
075 b I
QUED 0.625 Fei) :
Y] o R S R G PPt S |
|
|
|
|
|
L |
& 0 50 s 100
2] 8 —a 2| H 2
= = m = 3
< g &
Q: “about 3" F: “high fluency”

Figure 8.4 Fuzzy sets in a quantified fuzzy proposition.
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Assume now that the following scores are given:
V(Adam) = 35,  V(Bob) = 20,
V(Cathy) = 80, V(David) =95, V(Eve) = 70.
E = (0/Adam + 0/Bob 4 .75/Cathy + 1/David + .5/Eve.

E| = EE(;‘) = 2.25.

tel

T(p) = 0(2.25) = 0.625.

F(a)

Assuming, on the other hand, that the students’ scores are not known,
we are not able to construct the set E.

The proposition provides us with information about the degrees of possibility

of various values of the cardinality of E.

—_—

For instance, since Q(3) = 1, the possibility of |E| =3 is 1,

since Q(5) = 0, it is impossible that |E| = 5, and so on.

| I ‘
3 B 5 6
225

—=[E|

Q: “about 3"
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p : There are Q i’s in I such that V(i) is Fy and V,(i) is F3, (8.23)

where- V|, V, are variables that take values from sets V), V5, respectively,
I is an index set by which distinct measurements of variables V;, V; are identified,
Q) is a fuzzy number on R, and
Fy, F; are fuzzy sets on Vi, Vs, respectively.

An example ;
“There are about 10 students in a given class whose fluency in English is high
and who are young.”
where [ is an index set by which students in the given class are labelled,
V; and V, characterize fluency in English and age of the students,
Q is a fuzzy number that captures the linguistic term “about 10,” and

Fy, F, are fuzzy sets that characterize the linguistic terms “high” and
“young,” respectively.

Cai
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Any proposition p of the form (8.23) can be expressed in a simplified form,
p': QE’s Ey’s, (8.24)
where Q is the same quantifier as in (8.23), and
E\, E, are fuzzy sets on [ that are defined by the compositions
E\(i) = F1(Vy())

foralli € I. (8.25)

E,(i) = F2(Va(i))

Moreover, (8.24) may be interpreted as
p': There are Q(E; and E»)’s. (8.26)

Cai
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Comparing now (8.26) with (8.18), we may rewrite (8.26) in the form
p i Wis 0, (8.27)
where W is a variable taking values in & that represents the scalar cardinality of the fuzzy
set EyNE; (e, W= |E; N Ez])-

Using the standard fuzzy intersection and (8.25), we have

W = Z min[Fy (Vi(i)), F2(V2())]. (8.28)
fefl
Now, for any given sets E; and E»,
T(p)=T(p") = Q(W). (8.29)

Furthermore, the possibility distribution function, rg,
that is defined for each W = |E; N E3| by the equation

ro(W) = Q(W). (8.30)

Cai
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Wi, V. S ) -YUAy ¢éwa:

- i Cywz ¢ ¢ wdido,l] YBwi{yy &3E0%PnE

F ) )Y )yodav | CGCy 1yo3

---------- |

- | Ecwuy Coi =
| =

0 SEa ll > | p : Among i’s in [ such that V,(i) is F; there are Qi’s in J such that (8.31)

Va(i) is F3,

Figure 8.5 Examples of fuzzy quantifiers of the second kind.

“Among students in a given class that are young, there are almost all whose O weu

fluency in English is high.”
L0 Ecwuy CAECAY

P QE’sare E;’s, (8.32)
where Q is the same quantifier used in (8.31), and
E:, E; are fuzzy sets on X defined by
E\ (i) = F,(Vi(i)),
E, (i) = F2(V2()

(@)

foralli el. (8.33) O ws U

l “Almost all young students in a given class are students whose fluency in English is high.” | q—

N H. Veisi (h.veisi@ut.ac.ir)
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- UAy ¢éwa:
By analogy of the two forms, we may rewrite (8.32) in the form
P iWis Q, (8.34)

where W is a variable that represents the degree of subsethood of E; in Ey;

that is, E1NEy

|E4]
Using the standard fuzzy intersection and (8.33), we obtain

Y- min[ Fy (Vi (E)), F2(V2(i))]

W = &L 8.35
> FE M) (835)

iel

for any given sets £; and E,.
Clearly, T (p) is obtained by (8.29).

T(p)=T(p)=02MW). (8.29)
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OX is very young is true 0 -
OX IS young is very true 0 -
OX IS very young is very true 0 -
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very horizontal, very pregnant, very teenage, very rectangular
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modifier ®,1] ¢k XLeywoé 3%oo6ayY -1 ¢

the hedge very is often interpreted as the unary operation #(a) = a2,
while the hedge fairly is interpreted as h(a) = Ja (a € [0, 1]).

) HF(x) = h(F()). (8.36)

Any modifier £ is an increasing bijection.

If #(a) < a for all a € [0, 1], the modifier is called strong;

if A(a) > a for all a € [0, 1], the modifier is called weak.

The special modifier for which k(a) = a is called an identity modifier.
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For example, consider three fuzzy propositions:

pi : John is young,

P> : John is very young,

p3 : John is fairly young,
and let the linguistic hedges very and fairly be represented by

the strong modifier a® and the weak modifier /.

Assume now that John is 26 and,

according to the fuzzy set YOUNG representing the fuzzy predicate young,
YOUNG (26) = 0.8.

Then, VERY YOUNG (26) = 0.8> = 0.64 and
FAIRLY YOUNG (26) = +/0.8 = 0.89.

Heace, T(p1) = 0.8, T(p;) = 0.64, and T (ps) = 0.89.
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It is easy to prove that every modifier s satisfies the following conditions:

1. A(0) = 0 and A(1) = 1;
2. k is a continuous function;

3. if & is strong, then A~ is weak and vice versa;
4. given another modifier g, compositions of g with & and h with g are also modifiers

and, moreover,

if both 4 and g are strong (weak), then so are the compositions.

For example,
ho(a) =a”,

where « € R and a € [0, 1].
When o =< 1, h, is a weak modifier;
when & > 1, A, is a strong modifier;

hy is the identity modifier.

(8.37)

| - )

O ¢

If h(a) < a for all a € [0, 1], the modifier is called strong;
if A(a) > a for all a € [0,1], the modifier is called weak.

The special modifier for which £(a) = a is called an identity modifier.
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A— B, where B={yeY|y= f(x),x € A}

x — y, where y = f(x);
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p: fXis A, thenYis B
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R(x, y) = 3[A(x), B(¥)],
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Generalized modus ponens(GMP)

Modus ponens (mod pons)
Given P = Q and P to be true, Q is true.

\\\\\\

\\\\\

° oo (@ ﬁ o 3' qg) gm' aéé“ . T g\f’.‘

P=Q
P
Q
. . . APzWE (Gwl&a weéCd
aivén p:lfiX?lsA,then‘élsB, ¢/EC&°E 4¢ b £ 0 j
gL IA T
conclude that Y is B’ by the compositional rule of inference (8.39).
where B’(y) = supmin[A'(x), R(x,y)] forall y € Y. (8.39)
xeX
R(x,y) = J[A(x), B(¥)], (8.40)
Rule : IfXis A, thenY is B
Fact : Xis A (8.41)

Conclusion: Y is B’
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Example 8.1

Let sets of values of variables X and Y be X = {x;,x;, %3} and Y = [y, y»}, raspectively.
Assume that a proposition “if X is A, then Y is B” is given,

where A = .5/x; + 1/x;+ 6/x3 and B = 1/y, + .4/y,.
Then, given a fact expressed by the proposition “x is A',

where A" = .6/x; + .9/x; + .7/x;, we want to derive “Y is B'”

Using, for example, the Lukasiewicz implication (8.14), we obtain |J(a, b) = min(1,1 — a + b).

R =1/, n + .9/xy, y2 + 1/x2, 1 + . 4/%2, 2 + 1(X3, y1, +.8/%3, 2
by (8.40). Then, by the compositional rule of infersnce (8.39), we obtain
R(x,y) =3[A),B(»)].| B'(n) = sg)min[A'(x).R(x,y.)] B’(y) =sué¥pmin[A’(x),R(x.y)] forall y Y.

= max[min(.6, 1), min(.9, 1), min(.7,1)] = .9

B'(y:) = SL_IE min[A’(x), R(x, y»)]

= max[min(.6, .9), min(.9, .4), min(.7, .8)] = .7

l Thus, we may conclude that Y is B, where B’ = .9/y; +.7/y2.
N H. Veisi (h.veisi@ut.ac.ir)
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Modus ponens (mod pons)

Given P = Q and P to be true, Q is true.

P=>Q
P

Q

} AE CLW ALYy CEAw I | E ue5dg@w aipwa
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Rule : If Xis A, thenY is B < : ,
Fact - % is A’ SAS-Cuay

Conclusion: Y is B’
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Generalized Modus Tollens (GMT) 0

Modus tollens
Given P = Q and ~Q to be true, ~P is true.

P>
~Q
~P
Rule : IfXisA, thenYis B - -
Fact : Yis B’ —_— Abz WE

Conclusion: X is A’

¢ EC§° E

In this case, the compositional rule of inference has the form

A'(x) = supmin[B'(y), R(x, y)],
eY
and :

R(x, y) =3d[A(x), B(»)].

697
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# wGeneralized Modus Tollens (GMT)

A=.5/x1+1/x+ 6/x3 and B = I/ivi + 4]y,

Example 3.2 R = 1/xy, h + .8/x, ya+ L/xa, o +.4/x2, 2 + 1/x3, 1, +.8/%3, 1

Let X,Y,d, A, and B are the same as in Example 8.1

Then, R is also the same as in Example 8.1.

Assume now that a fact expressed by the proposition “Y is B™” is given, where
B =.9/y +.7/y

Then, by (8.42), Al(x) = j‘:}l? min[B'(y), R(x, y)],

A'lxy) = supmin[8°(y), R(x1, y)]

rer

= max[min(.9, 1), min(.7, .9)] = .9,

A'(x;) = supmin[B’(y), R(x2, )]

yelt

— max[min(.9, 1), min(.7, .49)] = .9,
A'(x3) = supmin[B’'(y), R(xs, )]

¥yEY
= max[min(.9, 1), min(.7, .8)] = .9.

Hence, we conclude that X is A" where A" = .9/x; + .9/x; + .9/x;.

|
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Chain rule

Given P = Q and Q = R to be true, P = R is true.

Generalized Hypothetical Syllogism (GHS)

Generalized chain rule

P=0
Q=R

»=gr | Rulel: IfXis A, then Y is B

Rule 2: IfYis B, thenZ isC
Conclusion: If Xis A, then Zis C

(8.43)

In this case, X, Y, Z are variables taking values in sets X, Y, Z, respectively,

and A, B, C are fuzzy scts on sets X, Y, Z, respectively.
The fuzzy relations are determined foreachx € X,y €Y,andz€ Z

by the equations Ri(x,y) = J[A(x). BO].

RZ(yv Z) — 3[3()')s C(Z)],
Ri(x,2) = J[A(x),C(2)].

Given R;, R», R;, we say that the generalized hypothetical syllogism holds if

R3(x, z) = supmin[R; (x, y), Ra(y, 2)],

(8.44)
yeY
This equation may also be written in the matrix form
l oo R (8.45)
U
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Example 8.3

Let X,Y be the same as in Example 8.1, and let Z = (z,, z3}.
Moreover, let A = 5/x; + 1/x+ .6/x3,

By A Ri(x,y) = 3[A(x). B(y»)],
s, Ry(y,2) = 8[BG), C@),
Ja,b) = l 1 ifa =b Rs(x,2) = JlA ), C()].
) b ifa > b. Ri(x, z) = su?p min[R; (x, ¥), Ra(y, 2)],
ye
Then, clearly, %o .- z$ -
X 1 4 yl P 1 Xl 570 |
Rl =A/2 1 4 v R'Z = 2 1 ’ R3 %2 2 1
XL 1 .4 Yol X s 22 4

The generalized hypothetical syllogism holds in this case since R;* R; = R;.
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Given a conditional and qualificd fuzzy proposition p of the form

p: IfXisA, then ¥ is B is §, (8.45)
Given X 15 A’
infer Yis B’

where S is a fuzzy truth qualifier

) Kowape
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v A fi
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truth -valued restrictions =<5y ! CVy %
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Step 1. Calculate RT(A'/A), © W o p o A |
RT(A'JA)a)= sup A'(x), foralla < [0,1]. (8.47)
xAlx)=a

RT(A'/A): the relative fuzzy truth value of A" with respect to A
the degree to which the proposition P is true given
C-C:r is AF-JI
Sfep 2. Select a suitable fuzzy implication J by which the proposition p
is interpreted.

Step 3. Calculate RT(B'/B) p: EXisA, then ¥ is Bis S
RT(B'/B)(b) = sup min[RT(A'/A)(a), S(3(a,b))] (8.48) Given X is A’
s infer Yis B’

for all b € [0,1].
S is to modify the truth value of J(a, b).

when S stands for frue S(a) = a then S(d(a, b)) = 34(a, b)
VEry true S@) = g2

RT(B'/B): the degree to which the conclusion of the proposition
P is true.

Step 4. Calculate the set B
B'(y) = RT(B'/B)(B(y)), forally €Y. (8.49)

697
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Suppose we have a fuzzy conditional and qualified proposition,
p: If X is A then ¥ is B is very true,

where A = 1/x, + .5/x> + .7/xs,
B = .6/y, + 1/y,
and § stands for very true;

let S(a) =a* for all a € [0, 1).

Given a fact “X is A',” where A’ = 9/x; + .6/x; + .7/x3,
we conclude that

“Y is B',” where B’ is calculated by the following steps.

H. Veisi (h.veisi@ut.ac.ir)




Hdo oAyé yw@omwf*

(e 9 ot s 0,1 36) i .5 300 iy | 50

Step 1. We calculate RT(A'/A) by (8.47): |RT(a’/A)a)= sup A'(x), foralla € [0,1].

xAlx)=a

RT(A,/A)(I) — A’(xl) - -9v p: I Xis A then Y is B is very true, é Wou l\J
RT(A/A)(S) - A’(x;) it .6. wherc;:;/}?l-:-.i;;z‘-f- /xs,
RT(A/ANT) = A'Gm) = 7, 50 27 a4
RT(A'/A)(G) =0foralla = [0. 11 — {5. 7 1} Given a fact “X is A", where A’ = .9/x; + .6/x; +.7/x3,
Step 2. 'We select the Lukasiewicz fuzzy implication  defined by (8.14) [J{a, b) = min(1,1 — a + b).
Step 3. 'We calculate RT (B8’/B) by (8.48): RT(B'/B)(b) = Ezglz]mjﬂ[RT{A'z’A)(ﬂ)- 5(3(a, b))]
RT(B'/B)(b) = max{min[.9, S(I( 1, b))], min[.6, S((.5, B))],
1
min[.7, S(J(.7, &) ]} sl
[ (.54 b)* forb € [0,.375) 08l —/E——: @ +x)2
.6 for b € [.375, .475) crae] | ,
_ J(3+b)?  forb e [475,.537) nabe i o e
= Y for b € [.537,.737) i EE1EE N
b* for b € [.737, .849) | mE L pa—
g for b € [.849,1] oo A |
03—
A graph of this function RT (B’/B) is shown in Fig. 8.9. gl S A
oo Lo
Step 4. 'We calculate B’ by (8.49):|B'(y) = RT(B'/B)(B(»)) i . i by ke s (g
B'(yl) _ RT(B’/B)(B(yl)) =RT(B'/B)(.6) s 0 01 02 0.3 ] ‘ ]os 07] 08} 09 1
B’(YZ) - RT<B’/B)(‘B(VZ)) =RT<B'/B)(1) =‘9' 0.375 0.537 0737
0.475 0.849
Hence, we make the inference “Y is B’)” where B' = .7/y; + .9/ys. Q
. 1. Veisi (h.veisi@ut.ac.ir)
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Ja,by=avb dla, b) = uicla), b) S-Implication

d(a, b)=max{x €{0,1} |aAx <b} | da,b)=suplx 2[0,1]]i(a,x) = b} | R-Implication

d@.b)y=av(@nb) d{a. b) = ulcla), i(a, b))
QL -Implication

da.py=@ABYVb. J(a, b) = uli(c(a), c(b)), b) QL=Quantum Logic

°poAa ga| 0°wWhPUEA | yWeou ga W

¢ ¢ wa ai u
¢ ¢cwa @&v %o Ev
¢céewa Wwuo«y

H. Veisi (h.veisi@ut.ac.ir) 6

697




e (S 30 o i) com T Sl | S

a0 o A ¢ Gy O Epaee N

dla, b) = ulcla), b)

~vAOo Ay

ds(a, b) = max(l — a, b).

S-Implication U
céewa 1 Y%hvOoywno
i YVweou ¢¢iwa ¢

N

UwU( o « V

u(a, b) = max(a,b). |

1 14 Kleene-Dienes

Ja,by=1—-a-+ab,

u(a,by —a+b—ab | € ¥%{

Reichenbach

dafa, b) = min(1,1 —a + b)

u(a,b) = min(1, a + b).

| Yov 1

Lukasiewicz

b whena =1
Jista,.p)=4{1—a whenb=290
i otherwise,

u(a, b) = b

a whenb=20 oL
whena=0 | 1 C
1 otherwise.

Largest S -imp

Ir 28, 23 < d1s-
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d(a, b) = suplx & [0,1] 1 i(a, x) < b} R-Implication Uv Ay
i V weeo U ¢é¢wa Cwa
+vAdo Ay &v %o Ev
J4(a. b) = sup{x| min(a,.x} < b} = ['; Eﬁi 'f g_ i(a,b) =min(a,b) | ' Y2  Godel
da(a,b) = suplxlax < b} = [El,fﬂ xa:z: f E i(aby=ab | C ¥ Goguen
= - | Yov 1
da(a, b) = sup{x|max(0,a +x — 1) < b} L ukasiewicz
= min(l,1 — a + b). i(a,b) =max(0,a +b—1)
1 c Least upper
b whena=1 u
L b= . a whenb=1
dia(a, b) 11 otherwise, i(a,b)=4{b whena=1 b%uir:g of
: -Imp
0 otherwise.

33 = Ha EH: = HI.R-

Jah)
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d(a.b) = ulc(a), i(a, b))

Blwi Aol OPAYWEWZ B weysz o6ui U ¢&{ Ey

g v 3o Ev

QL -Implication Uv Ay
1 %yoywaeAv . 0601
i YVweocu ¢¢igwa éwa Uwl o«

o
O
=

Im(a, b) = max{1 ~ a, min(a, b)}, #Wadeh + vEAH B
3j(nlb)=1—'ﬂ+d:bn ¢ 3/4{ « X 34
d»(a, b) = max(l — a, b) #leene-Dienes$ Y%v !t OV ¥
b when @ == 1 |
Jab)={1-a whena#1,b#1 i Ca /
1 whep a st L, b= 1.
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Ha.b) = utic@.ctk). 5y 1 CAEI ¢0Ows3 Cwa3oo
1 A«AUu éwa +vAOE

Jsg(a, b) = min[Je(a, b).d,(1 — b, 1 ~a)],
8gsla, b) = min[dg(a, b}, 3;(1 — 5,1 —a)],
Jss(a, b) = min[d,(a, b), J,(L — b, 1 ~a)],
dzgla, b) = min[d (a,b),d,(1 —b,1 —a)].
dan(a, b) = min[Ja(a, £).Ja(l — 5,1 - a)].

61 ¢ y %eael CoA®nl 3Erweélu °Cv

i CAEi =+vA

[ o)
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Axiom 1. ¢ < b implies J(a,x) = J(b, x} (monotonicity in first argument). This
means that the truth value of fuzzy implications increases as the truth value of the antecedent
decreases.

Axiom 2. a = b implies J(x, a) = I(x, b} (monotonicity in second argument). This
means that the truth value of fuzzy implications increases as the truth value of the consequent
increases.

Axiom 3. J(0,a) = 1 (dominance of falsiry). This means that the falsity implies

everything. o

Axiom 4.
anything.

d(1, 5) = b (reusrality of truth). This means that the truth does not imply
Axiom 5.

d(a, a) = 1 (identity). This means that fuzzy implications are true whenever
the truth values of the antecedent and consequent are equal.

Axiom 6. F(a, J(b, x)) = (b, ¥a, x)) (exchange property). This is a generalization
of the equivalence of a = (b = x) and b = (a = x) that holds for the classical implication.

Axiom 7. J(a.b) = 1 iff @ < b (boundary condition). This means that fuzzy
Axiom 8.

implications are true if and only if the consequent is at least as true as the antecedent.

dla, b) = 3(c(b), c(a)) for a fuzzy complement ¢ (contraposition). This

.
s

gvy 6Al
A 2Calyv
1 AE Cu

means that fuzzy implications are equally true when the antecedent and consequent are
exchanged and negated.

Axiom 9. J is a continuous function (con#inuity). This property ensures that small
changes in the truth values of the antecedent or consequent do not produce large {discontinuous)
changes in truth values of fuzzy implications.
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Theorem 11.3. A function J : [0, 1 — [0, 1] satisfies Axioms 1-9 of Tuzzy
implications for a panticular fuzzy complement ¢ iff there exists a strict increasing continucus
function f : [0, 1] — [0, o0) suck that f{0) =0,

d(a,b) = fOUF) —~ fla) + f(B)) (11.9)
foralta,b e [0,1],and |

cla) = f7HF(1) - F(a)) (11.10)
forall ¢ € [0, 1].
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1 a b=

Syruboi Class Function Jia, b} Axiomss Complement ¢} Yot
Fatly Zadeh Fn 2L maxf} — &, minia, k)] L2145 1—a 1973
Caines Resclier 2 1 agh 1,2,3,4,5,8,7,8 1963
5 £ 0 a = b PIaE B T PR I I Y
. 1 a=h
Goded dg R [ b awh 1,23 45867 1976
H ax<h ,
Gognen dn R { bla a=b 1,2,3,4,5.6,7. % iong
Kieone-Pienss s S, oL naxlt —a,. b 1,2,3, 4,684 14 L1938, 1940
Eakasiewice da g5 minfl, 1 - a + & -3 2,34, 56,789 L—a 1970
Perude- IR i - { J-ﬁ+(l+.¥)b] 1—¢
. . | ——————— 1,234,566 18, —rn 194
Lukasiewicz 1 Ao =1} R. 8 minit T 2 56789 T 7
Parudo- Juw . [ w wy L wy L ‘
Lukasiewicz 2 w oy | RS min | 1, {1 —a¥ + b¥Yi 1,2,3,4,5,6,7,8,9 (1— a*}ie 987
Reichenbach L 5 i—ag+ab t,2.3, 4,680 1-—¢ 1435
Willmod Aoy minjmax{! —a, by, maxie, 1 —ay, max(b, 1 = )] 4,6 8,9 l1—ea 1386
1 a4 <h
. Wi i . - 1,23 8,7, 1. 1956
Tl B {mmil—a,b] a = b 3 3 4
1 a=hb=10
Yagut i { 55 sthers 1,2,3,46 1940
¥lir ard Yuan 1 i ol {—ad-ath 2.4 4.4 l—a 1904
b o= [

Elir and Yousn 2 a4 QL -0 waglLb##! 24 1w 19494
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p:IfXis A then Y is B EIINN) R(x,y) = J(ALx), B(x))

iev¥%uoEv ¢évev Az yCi_%g
Rule : If Xis A, thenY is B ] GMP 0 Ay we
Fact : X is A B =AY R

Conclusion: Y is B’

° Ewz YAGAE &y YA CY C Wz
B=A:R, = . :
[0 BO) = supil A(x), 3(AG), BOY] (11.13)

Theorem 11.5. Let the range of the membership function A in {11.13) cover the
whoie interval [0, 1. Then, the following fuzzy implications satisfy (11.13) for any i-norm i:

1. Gaines-Rescher implication d,;
2. Gudel implication 4,3

l 3. Wu implication §,,..

Y
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Rule : IfXisA, then Y is B #HMP A BGHEU@MT (0 Ay wé ¢ %V ¢
Fact : Yis B’ _ :

| :> c(A(x)) = ﬁgg:[cw(x)}. A (x), By))]

Conclusion: X is A’

Rule 1: IfXis A, thenY is B
Rule2: KJisB, henZisC |—:> I(A(x), C(z)) = supi[(A(x), B FBO), C@)]
fald

Conclusion: If Xis A, then Zis C

°oywyl vi% ¢cAd O%WUE AA %3

1 s8<h

9 a=b
1 whena<bd

GainesRescher 3, = [
Godel dy(a.b) = sup{ximin@@.x} <b}={, 1. .24

3#(‘“! b) = mjn[ﬂj(av b)! 3!(1 - bi 1 - n)]r

Jsg(a, b) = min[Js(a, b),d,(1 —b,1 ~a)],
GMT GMP ¢ v ¥z ° [0 &4 ACéz ¢v %o Az a¥%vAua ! %A

#Av ¢GHB? Q
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Rule 1 : IfXis Ay, then Yis B,
Rule 2 : HfXisAs thenY is B>
Rule n : If Xis A,, then Y is B,
Fact : Xis A ,

Conclusion : Y is B’

)

<

B a= Ao R
Rix,y) = ?&? minfA ;(x), Bj()’]]

R;(x,y) = min{A;(x), B;(y}]

R=UR;

JEN,

B'=AR C¢iwa
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Rule 1 : IfXis A,, then Y is By ala =~ 0 — ~ 3
Rule 2 : If X is A,, then Y is Bo ) LOysE® D ¢ 0w
Rule n : If Xis A, thcnihsﬂ,.

Fact : Xis A

Conclusion: Yis B’

Uwa£ Y%y
|

Step 1. Calculate the degree of consistency, r;(A"), between the given fact and the
antecedent of each if~then rule j in terms of|the height of intersection of the associated sets

A" and A;. That is, for each j € N,,
r;(AY =h(A"NA;
or, using the standard fuzzy intersection,
ry(A") = sup min[A'(x), 4;(5)] (11.17)
z

Step 2. Calculate the conclusion B’ by truncating each set B; by the value of r; (A",
which ¢xpresses the degree to which the antecedent A; is compat:blc with the given fact A/,
and taking the union of the truncated sets. That is,

B'(y)= fur? minfr; (A", B;(3)] (11.18)
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