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Al B
A=BU Al BandBI A
A B ¢

Y)YAYAU-0° ¢ w
¢ AB AY Asabsai$ AYAR-AY:A QG - U
¢ AB AY Achigl® wz AC AW AU - U

AB A Y Andtequal$ wz

¢ AB A Y Apiopeiisubset$ y Awp U

AEBU Al BandA, B

A AWARI OV U
A YAAYUA-OUH3AIC

Al B ¢ AB A Y Anckidedin$ a° EA 6AIYWAEGD - U

P(AR ¢wa AYAU-U
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Al pigver 2e30C Y WA E ¢ APEA
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) RAYRG-0- ¢ w
P(A) A BAY Apdrtition $ ¢ v %4 v
vA-Uu ¢éwad AYAU-U%E¢e Az AYA

n(A) ={Aili e I,A; C A},
where A; # &, is a partitionon A iff A;NA; =2

for each pair i, j € I,i # j,and | JA; = A.
iel

ar=1lJar= Y A AY A (médition v BaB
j= i=]

A={a b c d e, A, = {a, b), Ay= {c, d), Ay = le}, O W U

Al=5, 2 1AI=2+2+1=5

Cai
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Ve - >, s =

H£YyWEA & AéuBmCAENn A AAVAFLE ¢wOa U
VA-U0%C4a éwad AYAG-U ¢V %z

~ —

AYAURAURZE (AY AU - U Id8luSidn-andExcision $ ¢+ %40 § 6 Al

EEA~ AYAU-U0 ¢wOVYyv

|A|=|£L:JIA,|=ZH:|A,.|—ZZ|Arml+ ZZ'*“"‘A A AL (="

=] i=] J= i=| = '='

et/ izj2k

Al= 1A, U Asl = 14,1 + 14 — 1A, A A,
Al = I'Al [ A: v 1’1-_;' = IA.|| + M:I + I.A;I

J\ —M|ﬁﬁzl—M:ﬁA3|—M|ﬁﬂ3|+mlﬁﬂ1m1‘13|
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AxB={(ab)lacA,beB) BS X

#a  ASY A w3y

) AYAU-
A Y @ardtesian product $ x %N
AXB#BxA.* AE A«AEL

X A;={{ay,az...,a,)|a; € A; foreveryi =1,2,...,a} Acawé C¥%o /ENd

1<i<n
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Involution A=A
Commutativity AUB=BUA
ANB=BNA
Associativity AUB)UC=AUBUCQC)
ANB)NC=ANBNC)
Distributivity ANBUC)=ANBUAND)
AUBNC)=AUBNAUO
Idempotence AUA=A
ANA=A
Absorption AU(ANB)=A
AN(AUB)=A
Absorption by X and & AuX=X
AND =2
Identity AU =A
ANX=A
Law of contradiction ANA=Q
Law of excluded middle AUA=X
De Morgan’s laws ANB=AUB
AUB=ANB
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#a  ASY A w3y

#onvex $ 01 Aze Xx©
Asct A in R" is called conwex iff, for every pair of poiats

r=(rli €N,) and s = (5;]i € N,)
in A and every real pumber A € [0, 1], the point

t=(r + (1= A)sli € N,)
is also In A. ¢ £CY A=PO2]U[3,5] AYABGW" U
¢ EQY A Or¥(1-1)s=2.8 awby s=4,1=04 %¥%hiv

X
e}

L
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px=r)+1
Ajx) = { pr(r =x)+1
A 0

wheax € [r — 1/py, r]
when x € [r,r + 1/p4]
otherwise

Aslx)

Aglx)
s

=Y

v a

-
=Y

A0y s (1 +cos(pan(x—r)))/2 whenx e[r—1/ps,7r +1/p4]
o el a1 I otherwise
L 1
1 2 3 4

-
x 0
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AX-a c- X0 .0
%1 808
cb- a c-b+ =

tri(x;a,b,c) = ma%nin
¢

) _ &  Ax-a_ d-x0.0
trap(x;a,b,c,d) = ma?nlng%_—a A - G 20@
¢ ¢ AOY Uz

- c2&—O0

2(}5‘+

gauss$x;a,b,c) =e

A Y

#riangular $ C~.6 " U

gbell(xab,c)=— L #rapezoidal$ ¢ v A&y ¢y
X-C A

o #aussian$ CA Yy w

~

#seneralized bell $ ¢ v AO

> Jjpen <

0y

(a) Trianguler MF () Trapezoidal MF

[y

[

o
|‘5
=

40 B0 80 100

(C) Gaussian MF

Mermbership Grades
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flxab,c)=-

0. =x<a | |trimf (x,params)
X8 a<x<h

b-a

€Y be<x<c

c—b

0, 'S

trapmf, P=[157 8]

fixabe,d

0. x=a | |'trapmf (x,[a b c d])
E, a=x=h
=4 1 b<x<e;
d—:\:’ csxsd
d—c
0 d<x

(@)

(rcf gaussmf(x,[sig c])

CAY
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)

AOzv ¥

Flvae)=—L sigmf (x,[a c]) °¢ AU

14e2lxc)

sigmt, P =[2 4]

0, x<a | | smf(x,[a b]) S
e [x—a.]z E{I{aﬂﬁ
l flaga,b) = b-a . 2
0.25F —
1 E[E] LRIy
0 b-a
0 2 4 ) ) 10 1, xzh
smf, P=[18] ]
1 1, x<a | me(x’[a b]) 7
0.75} x—a 1 a+bh
1-2 > , ASx%S 2
0.5¢ flxab)= -
b-a
1 0, xzb
o] 2 4 6 8 10
Zmf P=[37]
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AOz v ¥

fsacr-—L | psigmf (x,[al cl a2 c2]) ¢Al
1+e C{ C
’ : bsiamt, P= (2.3 és 8l ¢ "
Flmape-—— | gbellmf (x,params) ¢cv A
1+ x—cr
0 x<a
° ? nb:llm{.P:IEiﬁl ? " 2[ET! “53‘5%5
32 ]. #ease | | pimf (x,[a b c d]) C~
fixa,be,d) = 1, b<x<c
1—2[I:ZT, cExEC;d
| | J . z[”;"_f ¥ C;dfxsd
’ : Dinjf.P:H:issﬂm ¢ " 0, xzxd
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CowA UAi y Co vwdwviaw

1 when x < 20
Ay(x) ={ (35—-x)/15 when20<x <35 7|-(3 8 a Wz
0 when x > 35
(0 when either x <20 or > 60
A ) (x=20)/15 when20<x <35
2%) =1 (60 —x)/15 when45 < x < 60
1 when 35 < x < 45
(0 when x < 45
As(x) = { (x —45)/15 whend5<x <60
1 when x > 60
AL A Young: Ay Middle age: A, Oldlz Ay
. : : Y b D)
x €(22,24,...,58) 0.00
x € {22, 58} 0.13
x € {24, 56} 0.27
x € (26, 54} 0.40
x € (28, 52} 0.53
x € {30, 50} 0.67.
x € (32, 48} 0.80
x € {34, 46} 0.93
A ' ' x € (36,38,...,44) 1.00
0 10 20 30 40 70 80
—_—
Age: X
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A ASYALwAEY Ey MY | kW {
...ggliug-pT -
i Y2V %3 05A« i
Very low Low Medium High Very high
| 7 . []
14 l ; l ' ¢ o wa
%
2
5
=
0 P
T, Temperature, °C T,
Very low Low Medium High Very high } /CEC 3;/4|,
[ b B P B NE D I B
2 A A Al = /
T, Temperature, °C T,
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#a  ASY A w3y

A = {(x, u;(x)), xe X}

G p{E
EEAdFwkyv ¢ AUj Eyv!?

o b & AV GA wip B2 0B BAIO NS /b
%0 C 1o
A= Z ﬂﬂ (x; }!‘.t'!-

reX

+) &b {,&vp &RTw pYBU 3&PT 6 oY

Ao AACS BOWRY ¥

A= J‘p&[x}!.t
X
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#a  ASY A w3y

#nterval

Pal N\ N\ Pa

v ° e u | C

-valued $ ¢ v a¢swz o C ¢
Ay ¢Av acwz i¢ | %
A: X - ¢(0]]), £o, 1) < P[0, 1].

X —— (A(a) = [dl' d;])

Cai
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O
=
i
NN
<

A X — F([0,1)),

Chévy cwal avdwz Lt wi Awaes

‘£ . . :
Alx) : A
% :f :
i i B
& ///’
Ly) A X = ! L)
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£l $Uy C 3z

} ¢ CAQOY Uzswg WEWEY T LAz %6

#strong Ucut$U ¢ A é
YA = {x|]A(x) >
"1 = I Alx) s ek

[ [0]

Young: A Middle age: A, Old: Ay

Adx) A
B =3 4 |

0 10 20 30 40 70 80
p————
Age: X

1 when x < 20
Ar(x) = [ (35 —x)/15 when20 <x <35

0 when x > 35 . 4

0 when either x < 20 or > 60 = A, ="A; =[0,80] =X
Ayry = | —20/15 When20 <x <35 = [0,35 — 15¢],%A, = [15¢ + 20, 60 — 15¢],%4; = [15z + 45,80] for all

(60 —x)/15 when45 <x <60 0, 1]

1 when 35 <x <45 QE{ !

) whenx < 45 (0,35 — 15), “*A, = (15 + 20, 60 — 15&), “*A3 = (15 + 45, 80) for all
As(x) = { (x —45)/15 when45 <x <60 a [0, 1);

1 when x > 60 = H'Az ]'+A3

|

\J
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¢ ¢ wHpport $ Gw{ Ca B~ A

} AEE %i KVCAWAG - AAX Alui-wid 1AY Adk- U C Vv %z

P p oAES!  Yael %HCaE& ¢ ¢ AX VAl AvpAt  ~OWIMEE  CAj

¢ A0 E M ¥gvE Aé CAzCwwa HAYHA-U CV %z
S(A) or supp(A) = %A .

¢¢owle$ Ao EFa AY A

IAN CpbEF1LICMAMZEVC %z O wh

¢ ¢wa AYhgight § Uiwéef ¥
h(A)=supA(x) #41 wpY ¢ VvSA-AYAU 3B %YV %eé AOY A«
xi X

° b & ABMER 0w VA Y A deHA) =1 °YEHiwz
°© b ¢ Asfibn@mal$ 6 wu Ay ¥ A U wAk<l °¥Hiwz
‘A f AJ ¢ supremum 6! wb U

|

I
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A(X)

e

/
<— Core —= j

Crossover points

A
Y

a - cut

A

Support
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v a

#onvex $ x° U € ¢owa

fllx+ (1 —t)y) <tf(z) + (1 —1)f(y) #onvex$ x ° 0 Uz wi
[0,1] “%l¥%v°oéu %a yYy¥uaRO§Fy ApUvév %z

flitz+ (1 —t)y) > tf(x)+ (1 —t)f(y) #oncave$ wbeéu Uz

Theorem 1.1. A fuzzy set A on R is convex iff
AQOx; 4+ (1 — A)x2) = min[A(xy), A(x2)] (1.13)
for all xy, x; € R and all X & [0, 1], where min denotes the minimum operator.

Proof: (i) Assume that A is convex and let @ = A(xy) < A(xz). Then, x;, x; € “A and,
moreover, Axy + (1 — A)x; € “A for any A € [0, 1] by the convexity of A. Conscquently,

w—  AQx + (1= M%) = = ACx) = min[A(x), A(x2)]-

(i1) Assume that A satisfies (1.13). We need to prove that for any @ € (0, 1], “A is convex.
Now for any x;, x> € “A (i.e., A(x1) > o, A(x2) > «), and for any A € [0, 1], by (1.13)

@mm A(Qx;+ (1 = A)xz) = min[A(x;), A(x2)] = min(e, @) = «;
ie., Ax; + (1 — A)x; € “A. Therefore, 4 is convex for any @ € (0,1]. Hence, A is

Cai

convex. B
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ASY A di+Riy

0(')WL\13/4)'/ y
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X°  U%CAaAY-AJL
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#a  ASY A w3y

A(X) =1- A(X) ttomplement $ 6 41T u
#yyl 1 A«y Ywi$ uévegwmAvAG

AX=Ax) 0! wbE AO

Cai

OHZ A’
Y
0 | ] ] | | | ]
0 10 20 30 40 30 50 70 0
X—
\ s y
A3(%)
i 1
! 1
70 80
0 | 1 | | . i L8 |
0 10 20 30 40 50 50 70 30
X =
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(AZEB)(X) = min[ A(X), B(X)] _ €vYmEV ey
(ACB)(x) =max[A(x),B(x)], # YV ¥%v?l 1 A«y $ACHY °Cy¥noachy ¢
t-conorm 6Uw t-noknv 6% v %o E v

°pi T AY v¥% G!Az x° U

\ N— A
(AN A5)(X)
1~
" | | 1 | | | |
0 10 20 30 40 50 680 70 0
X —=
s A
Aq(%)
1
0 ] | | 1 i |
0 10 20 30 40 . 50 60 70 30
X—
0 ! il ! | I b | )
0 10 20 30 40 50 50 70 30
X =
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Young: A Middle age: A OM: A 4 an AN
Ao A : P 3

-

| °© b o FEAA, AW YAY Al

“ *po A ©HUCHWRLEAN A -
H|H| , °ho FACHBP EW

° b o ECYscex Bcc U

Q¢
j><
<
)>|

(BUO®

1=

80

BAJ_A /1\4
20 30 40 50 60
X —3=
s )
(BUC)(x)
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v a

¢ v %Ca Az } AC
[nvolution A=A
Commutativity AUB=BUA
ANB=BNA
Associativity (AUB)UC=AUBUC)
(ANB)NC=ANBNC)
Distributivity ANBUC)=ANBIUANG)
AU(BNC)=(AUB)N(AUC)
Idempotence AUA=A
ANA=A
Absorption AU(ANB)=A
AN(AUB)=A
Absorption by X and & AVUX =X
AND =0
Identity AU =A
ANX=A
T e
Lan—of-axcluded-middle . ——
De Morgan's laws ANB=AUB
AUB=ANB

697

Uwu a
#ontradiction $ DPéwp £ GAYy we
#excluded middle $ 0 Ay wé

ev¥oEV V

Yai

ACA U
AEA  f
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1.000
0.875
0.750
0.625
0.500
0.375
0.250

0.125

0.000
0

A(X) ¢ B(X)

Y, BvB

Al Biff AZEB=A and ACB=B foranyA B

|A| = ZA(x).
xeX

[Dy]| =2(.13 + .27 + .4 + .53 4+ .67 + .8 + .93) + 5 = 12.46.

#calar cardinality

l
1
|

b

19—

20

30

40

(a) & - cuts “D,

SO

60

80
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v a

-u.;iff(t) - p}i(‘} ﬂj(l)

A

“.\'l. 02). (.\'2. ()SL (-\'3. 04)}

B = [(x}, 0.4) (x5, 0), (x3, 0.1))

A- B = {(x;, 0.08) (x5, 0) (x3, 0.04))
¢ ¢ wa
y“_fi(.r) = a‘ﬂ,i(-’f)

A= {(x,,0.4), (x,,0.6), (x;,0.8))
a=03

a - /i - ‘(".l .0.12). (.rz'(). 18). (.\'3 .0.24)}
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#a  ASY A w3y

Theorem 2.1. Let A,B € F(X). Then, the following properties hold for all
e, g el0,1]:
v &4Z6 v

Y0 E

¢Aé C¥%
() "ACA
(i) o < B implies °A 2 PA and **4 D #*4;
(i) C{ANBY="AN"B and {AUB)="AU%B;
i) *HAN B) =*"AN%'B and *H{A U B) =*tA U**B;
oAy = (1=a)+4 P L o A
(v) “4) = A RO o J“(E)\’;é/&iami“‘r{fjgﬁ) ai o

Theorem 2.2. Let A; € F(X) forall i € I, where I is an index set. Then,

vi) U “As“ (U A;) and () %4; = a(ﬂ A,);

iel iel iel iel

(vii) | *“*A; = " (U Ai) and () “"‘A;@Kﬂ QA;).

ief iel iel E

|
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(iii) AN B) =%A N and AU B) = “A U°B; ACOé

i w{ 8v

Proof: We prove only (iii) and (v); the rest is left to the reader as an exercise.

(iii)| First equality.| For any x € “(A N B), we have (A N B)(x) > « and, hence,

min[A(x), Bx)] = @

This means that A(x) > « and B(x) > «. This implies that

x € *A N®B and, consequently, (A N B) C A N “B. Conversely, for any x € *A N “B, we
have x € A and x € °B; that is A(x)} > « and B(x) > «. Hence, min[A(x), B(x)] > «,
which means that (A N B)(x) > «. This implies that x € %A N B) and, consequently,
“AN“B C %A N B). This concludes the proof that (A N B) = “A N “B.

Second equality.

A(x) Zzaor B(x) = «.

For any x € “(A U B), we have max[A(x), B(x)] > o and, hence,
This implies that x € “A U“B and, consequently, (A U B) € “A U°B.

Conversely, for any x € YA U°B, we have x € A or x € “B; that is A(x) = « or
B(x) = «. Hence, max[A(x), B(x}]é a, which means that (A U B)(x) = «. This implies
that x € A U B) and, consequently, “4 U®B < *(A U B). This concludes the proof that

“AUB) ="AU"B.
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ASY A di+Riy

[ 7\]
T —
A(x) A
| A(x)
1
o
Oi— ]
e
ﬁ ] =1
2 5] K =
—t () -
= “A - 1
== % T -
a3
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("i"_) E(E} = (1-e)¥ 4

(v) For any x € %(A), we have 1 — A(x)

v a

w a0 |

¢ Aé C3z

i

ASY A gwhky Ey RBB Y J I

wa0 |

= A(x) > «; that is, A(x) < 1—«. This

means that x ¢ “~®*A and, clearly, x € “~**4; consequently, “(A) € *~**4. Conversely,
for any x € “~**A, we have x ¢ !~*A. Hence, A(x) <1—o and 1 —A(x) > a. That

is, A(x) > «, which means that x € %(A4). Therefore, (l-e)+7 C %A) and, consequently,
“‘{A} i (1-&)+A |

A(x)
A(x)

—
= X

-3

Z(A)
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(viii) A € B iff*A < *B;
AgBiﬂE“"'A §“+B;
(ix) A= B iff %4 = °B;

Bz M ° Ewz
A = B iff “*A =B, 8 ACy weed|

Theorem 2.4. For any A € F(X), the following properties hold:
(x) A= [)A= )74

Bea Bea
(xi) A= |J A= | ?*A.
-] x=f
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webdj C%z AwAv 3%z ¢

-Y A & i2/x¢3f/ 5 b G/ + 8/xs + 1/x5 oOow' u

%L 0 4 Uy + 1xs + Uxe + 1/xs, W 305 ] cwa C%z AwA
YA = 0fxy + 1/x3+ 1/x3 + 1/x4 + 1/x5,
SA = 0/x; +0/xz+ 1/x3 + 1 /x4 + 1/x5,

fA = 0/x; + 0/x2+ 0/x5 + 1 /x4 + 1/xs,
'A = 0/x; +0/x3+ 0/x3 +0/x4 + 1/xs.

AW =40 ¢ o wd Ew-  AYAU
2A =[2/x|+ 2/x + 2/xs + 2/xi+ 2/xs, A WO VY |
A = 0/x; +[4]xa|+ 4/x: + 4/xq + 4/xs,
64 = 0/x; + O0fx2 +|.6/x3|+ .6/x4 + .6/xs,
8A =0/x; + 0/x; + 0/x35 +|.8/x4]+ .8/xs5,
1A =0/x; +0/x +0/x35 +0/xy +|1/xs.
A A N A AT A, g C Y%y

Cai
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Hyv ACPeévgedj C%z A

For every A € F(X),

Theorem 2.5 (First Decomposition Theorem).

A = U QA’
ae[O.l!

WAV 3z

(2.2)

AX) = - %A(x).

where 4 A is defined by (2.1) and U denotes the standard fuzzy union.

AlX) A
l —

ai

r o I

~Y

V4

0O wWeo

3—x whenxe€|[2,3]
0 otherwise.

x—1 whenxe(l,2]
Alx) =

(0,1 »%U Cwadsz

nA‘[a+1,3_'a]+

¢ewa Ew-

AYAG-U ¢

{a: when x € [@+1,3 —«]
oA =

0 otherwise.
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Theorem 2.6 (Second Decomposition Theorem). Forevery A € F(X),
A= U Q+Ai (2‘3)

xe[0,1)
where ,+A denotes a special fuzzy set defined by

atAlx) = - “TA(R) 24)
and U denotes the standard fuzzy union.

# AA AC B-vExeAjCO@¥%z AwAv
Theorem 2.7 (Third Decompeosition Theorem). For every A € F(X),
A= | «A, (2.5)

a€A(A)

where A(A) is the level set of A, ;A is defined by (2.1), and U denotes the standard fuzzy
union.

A(A) = {o]|A(x) = o for some x € X}, «A(x) = a - "Ax).

H. Veisi (h.veisi@ut.ac.ir)

3z




\
iy
N
o< g 1
O o o] X
& .aX
N~ £ O] .__ =
] I
A —
~ =
< 3 3]s S
©
< o =
I &
< B
o ‘©
>
=
B
O
>
T
.
—
|
llllll |
| I
| “
e 1 :

aAlx)
‘A.(x] 1

A
@




697

#a  ASY A w3y

¢¢ewa CEwa

Ax) = 1 - A(x), duai-u
(A N B)(x) = min[A &), B(x)], e v %n Ev
(A UB)(x) = max[A(x), B(x)] UOwig o « Vv

Ve

i CAEi ¢wa AYAu—.u- a°E

oy AE AC¢%WPE ACY ¢%OCEr Cwa |
°© b & Asfor@$t-conorms v 2 ¢ gnvodns UwMi¥ « v WA é

° b achidext-dependent$ ¢ Aawz Az Awv/FEzvy | -wa %0
Gwo . %1 O WEY 9 pdv %z
CA~%«j a¥%Ai | ¥W@n33 . Elwaw i Cz
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U € %E |7t 1AAGRArm ¢-wal £

AY Al € 3£ |13 0MEBNOM WA WU £

o EACU

¢V ¥z

w O -

ava AV ALwRY Ey sy i

1 %y o ywa Ay
°pbpi Cu @& v¥% wedj

C¢wa évobEy wheE %rva @iwik A
OwCé&v $wEV Yive ywa-AAYAG-U

°pi Cu °C6

Eewd Uwbb awad UCHES ¢ WE A
OwCUw@gw«V Y%ve gwad AKYAU =

obi Cu

wa°yAGCwuyY £6 wOy wy CC BLE »

C wa c

¢ Aé

AE v %

Yov © &0 ¢ \it © ¥YBOEE ity BV AYOY 1UzlvEAvEz ¢ v

Y} Az eawhira | wWAY |
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AX) ¢ ¢wa AYAUASRSsB § ¥

¢t [0 1)— [0, 1], c(A(x)) = cA(x)
°pbEwz AsEv! v¥% ¥%t¢ O6Fv
O U Tagiomaticskeleton $ CO Al v . x A~ ¥

Axiom cl. ¢(0) =1 and ¢(1) = 0 (boundary conditions).

Axiom c2. Foralla, b € [0, 1], if a < b, then c(a) > c(b) (monotonicity).

°poEd oOouUT U UzvAE UGCEH%HE COI

BUT U UzwE &év 3z

Axiom 3. ¢ is a continuous function.

Axiom c4. ¢ is imvolutive, which means that c(e(a)) = a for each a € [0, 1].
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Axiom cl. ¢(0) = I and c(1) = O (boundary conditions).
Axiom c2. Foralla,b € [0, 1], if a < b, then c(a) > c(b) (monotonicity).

Axiom c3. ¢ is a continuous function.
Axiom c4. ¢ is involutive, which means that c(c(@)) = « for each a € [0, 1].

ACOé

Theorem 3.1. Let a function ¢ : [0, 1] — [0, 1] satisfy Axioms ¢2 and c4. Then, ¢

also satisfies Axioms c1 and c3. Moreover, ¢ must be a bijective function.

injettive $ 1 €

A z ‘|c“:

° E gHzjective $ WE A ~ - .
1 D
2 B
3 *C
de f :=‘f(a‘} — |
WEA~ NUz wE
b' :='f{b] 3/4& V,%Wl ?/AZXAb EJV
2 XA OIe G0 é Ve Fzy AO & y
= Afl 1 A A ¥ 1 1
VI]_,IQEX . (f(Il) :f(Ig) = 1 :Ig) f(X) YAI Loy A Ab uyv

H. Veisi (h.veisi@ut.ac.ir)
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Axiom cl. ¢(0) = I and ¢(1) = O (boundary conditions).
Axiom c2. Foralla, b € [0, 1], if a < b, then c(a) > c(b) (monotonicity). All fuzzy
Axiom c3. ¢ is a continuous function, complements
. s : : { Axioms ¢l and c2)
Axiom ¢4, ¢ is involutive, which means that c(c(a)) = a for each a € [0, 1]. /,
All functionsc: [0, 1] —=1[0, 1]

Classiczl fuzzy
complement
(Eq. (3.1))

7

All involutive

All continuous
fuzzy complements fuzzy complements
(Axioms ¢l —c3) {Axiomscl—c4) G

H. Veisi (h.veisi@ut.ac.ir)
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v a

ASY A qi-widiy

1L vl v +§ 85wy U C

Axiom cl. ¢(0) = I and ¢(1) = O (boundary conditions).
Axiom c2. Foralla,b € [0,1),if a < b, then c(a) > c(b) (morotonicity).

Axiom 3. ¢ is a continuous function.
Axiom ¢4. ¢ is involutive, which means that c(c(a)) = « for each 2 € [0, 1].

I

cla)

\ " A

41 Adora<i
c@=10 fora>t,

where @ € [0, 1] and ¢ € [0, 1);
¢t is called the threshold of ¢.

H. Veisi (h.veisi@ut.ac.ir)



11/2V0y

Axiom cl. ¢(0) = 1 and ¢(1) = O (boundary conditions).

Axiom c2. Foralla,b € [0,1],if a < b, then c(a) > c(b) (monotonicity).
Axiom ¢3. ¢ is a continuous function.

Axiom ¢4. ¢ is involutive, which means that c(c(a)) = « for each 2 € [0, 1].

1.0
9

8

c(a)

|

B oo

T

i

f

|

1

= S 3 8§ 9 1.0

a—»

1
tliek= E(l + cosra),

c(0.33)=0.75 @5 Vv !
¢(0.75) = 0.15 ~= 0.33 W5l V
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Axiom cl. ¢(0) = I and ¢(1) = O (boundary conditions). ; e
Axiom c2. Foralla,b € [0, 1], if ¢ < b, then c(a) > c(b) (morotonicity). 1 15y 1 VvV 19500 | uv
Axiom 3. ¢ is a continuous function.

Axiom c4. c is involutive, which means that c(c(a)) = a for each a < [0, 1].

1.0 i 7 #Sugeno$ Ap i AA AEI
9 e e S L
\\ \\ \\:—'9 ci(a) = i s
3 \ \ 3 14+ Aa
5 \ \ \\ \\ where A € (—1, o0).
5 \ \‘ Py \
T e \\ \\ A=0 \\ \ ‘ O . ¢
Ll S ' N \ -
\| |\ N =0 ¢ V ¥z
=3 A\ N\ A , o .
p &:w \\\ \ C¢wWa 1%yl ywaAy
M| Sl
| TS
0 1 2 3 4 5 .6 7 8 9 1.0

697
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Axiom cl. ¢(0) = 1 and ¢(1) = O (boundary conditions). , A TN
Axiom c2. Foralla, b [0,1],if a < b, then c(a) > c(b) (monotonicity). 1 Ly 1 v /500 | uv

Axiom 3. ¢ is a continuous function.
Axiom c4. c is involutive, which means that c(c(a)) = a for each a < [0, 1].

e #ager$ %A wé AEI(
l\\\\ \\w=|5
.9 S~y
; o \\ cwl(@) = (1 —a“)®,
' - \ where w & (0, 00)
P
T .6
c,, (a) 3

w=l ¢ v %z
C¢ewa v ywoAvy
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Theorem 3.2. Every fuzzy complement has at most one equilibrium.

wa A AdwRy Ey Ry F

) B¥%PEO Ewa
dd=a Ai HEdlibideO® Y wbE AO

Theorem 33. Assume that a given fuzzy complement ¢ has an equilibrium e, which

by Theorem 3.2 is unique. Then
a=clglifa<e and

a=cla)iffa z e,.

A
&

—

eCc('a) -

£ %
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Theorem 3. 4. 1f ¢ is a continuous fuzzy complement, then ¢ has a unique equilibrium,

o

The intermediate value theorem:

If the function y= AX)is
continuous on the interval [ g 4,
and vis a number between A3
and A bH), thenthereisa & [a 4
such that g = u.

Cai

¥
.3
FBY b -
¥ o= fix)
¥ o=u
" 5
0] SO0 /AN R
a C b .
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wa ASVAdwhy Ey mzqzh

Hual point $ 0 wii yol

awoyj | ¢cA@Y A«¥%lc BwARY 6AZ U0 UzwE

g CEwz Agibby® 0] ¢V %z Al
C(da)' da =a- C(a)

¥ vl 1 A«y (0 walyee AACOYE Y

Theorem 3.5. If a complement ¢ has an equilibrium e, then

Theorem 3.6, For each a € [0,1],% = c(a) iff e(c(a)) = a, that is, when the
complement is involutive,

v © é u

¢ Av 3%zvyz AOéy O]
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) incredsingigenerators $ ¢ APl ¢ w

Theorem 3.7 (First Characterization Theorem of Fuzzy Complements) Let ¢ be
a function from (0, 1] to [0, 1]. Then, c is a fuzzy complement (involutive) iff there exists a

continuous function g from [0, 1] to R such that g(0) = 0, g is strictly increasing, and

c(a) =g~ '(g(1) — g(a))

for all a € [0, 1].

£
=3 0w

l:)‘_'[ﬂ} = 1 4 J\.ﬂ’

where A € (—1, c0).

: W
1 | ~ R A
v ywe A 04T rsH@EAbU i) fra>-1 AP AAA 6

Note that we have to take }in% g(a)=a for A =0;

cwl@) = (1 — a")¥®,

where w € (0, o0)

gia=av

gw(a) =a"* for w > 0. Aaweé O0U1l

Cai
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v a

ASY A di+Riy

) incredsingigenerators $ ¢ APl € wé

1 Ypmuvew~ Y1 wz

rg;,lw{a) - In(l+Aa*) A>-=landw >0,
(2T N s i A A - ¢

(-'j“m(ﬂ}— 1+ Ag¥ (:"_!w} }1 (0] él Cu AﬂCQy V1/2
¢Av ApAaAAwalaiwu¢e v NbplUc Al

¢ Av Awe a®ud wi¢g W A Uc A &
e AW HaWE O6w’

2
= Yild=a) 61 whU G¢gwd 00
cyla) = P TR (y = 0). ¢

Cai
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#lecreasing generators $ COy Ay - ¢ w

Theorem 3.8 (Second Characterization Theorem of Fuzzy Complements). Let ¢
be a function from [0, 1] to [0, 1]. Thea c is a fuzzy complement iff there exists a continuous
function f from [0, 1] to R such that f(1) =0, f is strictly decreasing, and

c(a) = f7U(f(0) - f(a)) foralla € [0, 1]. (3.15)

~

CoyAy °8Au UzvAf w

f@) =—ka+k wherek>0, I Yv O ywaAvy

where w € (0, o0)

cw(@) = (1—a*)!'*, %f{aj:lﬁ-n“’. where w > (), %N WC ountlu i
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(AN B)x)=i[A(x), B(x)] forallx ¢ X.

§:[0,1] x [0, 1] — [0, 1].

& v ¥ aMiomatic skeleton $ Co A

<

Axiom il. i(a, 1) = a (boundary condition).

Axiom i2. b < d implies i(a, b) < i(a, d) (monotonicity).

o = 7Z7 WK
Axiomi3. i(a, b)=i(b,a) (camrrmmmm--

Axiom i4. i(a, i(b, d)) = i(i(a, b), d) (associariviry).

v ¥WuoEV 3oouyY.

Axiom i5. [ is a continuous function (canﬁnuiwb- év %o E

Axiom i6. i(a, a) < a (subidempotency).

Axiom i7. a; < a; and by < by implies i(ay, b)) < i(aq, ba) (strict monotonicity).
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Theorem 3.9. The standard fuzzy intersection is the[only] idempotent #-norm.

¢éewa €

Standard intersection : i(a, b) = min(a, 5).
Algebraic product : i(a, b) = ab.
Bounded difference : i(a, b) = max(0,a +~b— 1).

a whenbd=1

0 otherwise.

Drastic intersection : i (a4, b) = I b whena=1

imin(a, b) < max(0,a +b ~ 1) < ab < min(a, b)

Theorem 3.10.

where iy, denotes the drastic intersection.

Forall a, b € [0, 1],

imin(2, b) < i(a,b) < min(a,b),

697
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Drastic intersection : i(a, b) =

oo R

whenb =1
whena =1
otherwise.

697

max (o,a+b-1)

| Bounded difference : i(a, b) = max(0,a + b — 1). |

H. Veisi (h.veisi@ut.ac.ir) Q




#va ASYAgwARY Ey aseav iy

... (t-norm) «&l yml .6 3k &b Hoe T ~

0

| Algebraic product : i(a, b} =ab. | |Standard intersection : i (a, b) = min(a, b). |
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iv(a,b) =1—min(l, [(1 —a)” + (1L —b)*]/*)

¢ ¢ wa

(w > 0).

#ager$ %A wC

(3.19)

Theorem 3.12. Let i, denote the class of Yager z-norms defined by (3.19). Then

imin(a, b) < i,(a,b) < min(a,b)

foralla, b €0, 1).

b= 0 25 5 75 1
a=1| 0 2y i 5y as i
751 0 0 25 5 75
S0 0 0 2% 1 3
250 0 0 0 ] .25

0 0 0 0 0 0

w = | (strong)

b= 0 235 35 75 1
a=1( ¢ 251 .5 75 {
a50 0,25 S 73 75

S51 0 25 | 46| 5 5
25 0 20 | 25 | .25 25

o o 0 0 0 0

697

b= G 2% 8 5 A
a=1]0 [25].5 |35 1
51 o0 .21 .44 .65 s

Sl o | |.29] 4]
2l o ] o | |21 2

0 0 0 0 0 0

w =2

b= 0 25 5 .75 |
a=t1(0 [.251{.5 {75] 1
JI50 0 .25 .5 75 75

sl 2|53 s
25| o | 25| 25| 25| 25

0 0 0 0 0 0

w— ® (weak)
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ASY A di+Riy

) Loy Ay 2ATARNUS AP U
f(1)=0 vy ¢Av Co6Yy AR P °Gri X5z iWERA A A O 2

1 fora € (—o0,0
FfT%a) = ! fYa) fora E_[ﬂ,
0 for a € (f(0), c0)

A f (a)

ﬂm \
; -
(a)

[0,1] Rz¢ v ARAD DWE

1 ftD(a)

1

(b}
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ava Y AgwAyY Ey Ay
... (t-norm) «&l yml .6 3k &b Hoe T

Coy Ay 2 ARINS URAED U

fila) =1—a?, foranya [0,1] (g > 0), oOw~ ™ u
fi(a) = —Ina for any a € [0, 1] with
1 for a € (—o0,0)
1 for a & (~00, 0) ffP@={a-a" foac(o1]
f@) = { fa) forael0, f(0)] 0 for a € (1, 0),
0 £ :
or a € (f(0), o) — 1 e €050
2 W= lew fora
@ C %v1

A decreasing generator f and its pseudo-inverse "V satisfy f<"(f(a)) = a for any
a € [0, 1], and
0 fora € (—o0,0)
f(f %)) = { a for a € [0, ()]
f(©) fora e (f(0),c0).

Cai
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g(0)=0 y¢ Av ¢t Api

0 for a € (~co, 0)
g @ =1 ga) forac]

ava AV ALwRY Ey sy i

APl ©° &AL PURZ RATEP U
RIVIOAT i ¢vv G GAzAMASA G ¢

1 fora c (g(1), c0)

gi(a) = a® (p > 0) for any a & [0, 1].

g:(a)

= —In(l — @) for any a € [0, 1] with g2(1) = oo

0
( 1)((1) al’e
1
ra 0
g (e = {l_e-a

[0,1] Rz¢;v ARABD DWE A{ E

oOow’ u
fora € (—o0, 0)
fora € [0, 1]
fora € (1, 00),
fora € (—o0, Q)
fora € (0, o0).

gC vl

An increasing generator g and its pseudo-inverse g(~ satisfy g(~V(g(a)) = a for any

a < ([0,1] and

g(gPia)) =

0 fora € (—o0, 0)
fora € [0, g(1)]
g(l) fora e (g(1), ).

Cai
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ava AV ALwRY Ey sy i

... (t-norm) i gl .63k &b Hode T

Co6yAy ©°86A0 Uzwe
Lemma 3.1. Let f be a decreasing generator. Then a function g defined by
gla) = f(0) - f(a)

for any a € [0, 1) is an increasing generator with g(1) = £(0), and its pseudo-inverse g~V is
given by

@) = fP(f(0) —a)
foranya € R.

Lemma 3.2. Let g be an increasing generator. Then the function f defined by
f(a) =g(1) — gla)

for any a € [0, 1] is a decreasing generator with f(0) = g(1) and its pseudo-inverse fV is
given by

f ) =gV (g(1) —a)

for any a € R.
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... (t-norm) ol sl

)

Theorem 3.11 (Characterization Theorem of :-Norms). Let i be a binary operation

on the unit interval. Then, i is an Archimedean ¢-norm iff there exists a decreasing generator
f such that

i(a,b) = fCV(f@) + f(b) (3.18)
for all a, b € [0, 1].

Coy Ay ¢ wa%-gomu Uizw ASEL wae oy
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ava AVALwhRY Ey Ry Y
... (t-norm) «&l yml .6 3k &b Hoe T

) OWs )i ¢cHva év o EvV o6 ¢ W
Schweizer ¢ ¢ wa 65vV tho E V

1. [Schweizer and Sklar, 1963]: The class of decreasing generators distinguished by
parameter p is defined by

frl@)=1—a? (p#0).

Then
| when z € (—o0, 0)
9 =4 1-2Y2 whenze[0,1]
0 when z € (1, o0)

and we obtain the corresponding class of z-norms by applying (3.18):
ip(a,b) = f,7(fp(@) + fp(5))
= P2 —a? - bP)

_ [(@+b"=1)YP  when2—a? —b? €[0,1]
14 otherwise

i(a,b)= fCV(f@@)+ f(b)

= (max(0, a® + b? — 1))1/%.

Cai
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2. [Yager, 1980f): Given a class of decreasing generators

ful@=0-a)" (w=>0),

we obtain
S 1—zY*  whenz € [0, 1]
(-1) i ’
fo 7@ =g when z & (1, 00)
and
iy(a,b) = fV(fu(@ + fu(®) i(a,b) = fCO(f @)+ f(b)

= fX Y1 —a)* + 1 - b)Y)

_jJ1-@=-a*+Q -6 when(l—a)*+ (1 -b)” € [0,1]
— 10 otherwise

= 1 ~min(L, [(1 — @) + (1 — b)*]¥/™).
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3. [Frank, 1979]: This class of t-norms is based on the class of decreasing generators

fs(a) = —
whose pseudo-inverses are given by

FEN

Employing (3.18), we obtain

i(a,b) = fCV(f(@) + f(b))

= log;

—~ logs

is(a,b) = fEP(f:@) + )
_ fe» [—m (s —1)(s® = 1)]

Frank ¢ ¢ W@ 05V #ho E v

s7—=1

(s>0,5 #1),

= log. (1 + (s — 1)e™%).

E—1)?
% — 1)(s® - 1)
Ll+( “R ]
F (s - 1)(s® — 1)}
! s—1 '
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TABLE 3.2 SOME CLASSES OF FUZZY INTERSECTIONS (-NORMS)

v a

ASY A di+Riy

(t-norm) ol gl .6 3k &6 oo

whend = 1.

Formula Decreasing Parameter As parameter As parameler converges As parameler
Reference i(a, b) generator f(a) range converges to 0 tolor—1 converges lo oc or —o0
-1
Dombi [1982] 1+ (l 1 L+ l-l 3 * -1-—1 4 A>0 iginla, b) o when A = 1 min(a, b)
a b a B a+b—ab i F
— —_ a —_—
Frank [1979] log, [1+ (“—Smf:—l)] ~In (’s :) $50,5%1 min(a, b) ebass —» 1 max(0, a + 5 — 1)
Hamacher [1978] zh =In - S~ r>0 —-L abwhenr =1 imig(a, &)
r+ (1 =r)a+b-ab) r+(l-ra a+b-ab el
) max{0,a +b—1), when p = 1I; Jos )
Schweizer 'min (@, b) as p — 0]
(max(0, a® + 57 — 1)} 7 1-a? p#0 ab i
& Sidar 1 [1963] —_— =-1 in(a, —oo.
a+b_ab.whwp 1 wine, b)yas p -+ —o
Schweizer & Sklar 2 e . R Inf! — (1 a)’]} >0 Ipin(a, &) abwhen p =1 min(a, b)
-(l-a)’(l-b)’]} p min 4, pP= .
Schweizer & Sklar 3 cxp(=(|lnaf? -+ |ln b|?) H ) |lna|? p>0 imin(a, b) abwhen p=1 min(a, b)
< ab = ab Y
Schweizer & Sklar 4 _— a™?—1 p=0 ab —————, whenp=1 min{a, &)
[aP+u_arbrﬁ a-+b-ab
Yager [1980f] 1 — min {l.[(l -a)’+(1- b)“‘]# ] (1=a)" w >0 Imin (4, 0) max(@,a +b - whenw =1 minu, &)
ab -
Dubois & Prade [1980] m e & [0, 1) min(a, b) abwhen e =1
dpin(a, by as A — —1;
Weber [1983] max (0. %)':b-;l) -Al—ln[l +A(1—a)] k> =1 max(),a +b-1) max[0, (@ + b +eb —1)/2) ub
wheni =1,
abas )k — —1;
Yu [1985] max[0, (14 A)(a + b —1) — Lab] % In 11_‘_% A>~1 max(0,a +b—1) max[0, 2{a +b —ab/2 — 1}] i (@, &)
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(AU B)(x) = u[A(x), B(x)] forallx € X.

mwa AYAgwahY Ev ﬁE@’zK?ﬁ e

... (t~conorm) ghesd! . 6 3 & oo T

B A AYAUGu-U

u:[0,1] x [0, 1] = [0, 1].

Axiom ul.
Axiom ul.
Axiom u3,

Axiom ud,

Axiom uj,
Axiom u6,

Axiom u7.

U w U atiamvatic skeleton $ C6 Al v -
u(a,0) =a (bouﬁdary condition).
b < d implies u(a, b) < u(a,d) (monotonicity).
u(a, b) = u(b, a) (commuativity).

u(a,u(b,d)) = u(u(a, b), d) (associativity).

UwlGo«yv 3%0060Y

u is a continuous function (continuity). _

u(a, a) > a (superidempotency).

ay < a, and by < b, implies u(a,, b,) < u(as, b,) (strict monotonicity).
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A

Theorem 3.14. The standard fuzzy union is the only idempotent z-conorm. ACOe

Standard union: u(a, b) = max(a, b). é . Wa Uwid o « Vv
Algebraic sum: u(a, b) —a + b —ab.
Bounded sum: u(a, b) = min(1, a + b).
{ a whenb=20
Drastic union: u(a,b) ={ b whena =20
1 otherwise.
gC Y%v?

max(a, b) <a + b — ab < min(l,a + b) < uy.(a, b)

o

Theorem 3.15. Foralla, b < [0, 1],
max(a, b) < u(a,b) < uma(a,b).
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v a

ASY A qi-widiy

Drastic union: u(a, b) =

b

—

when b =0
whena =0
otherwise,

min {1,a+b)

Bounded sum: u(a, b) = min(l, g + &).
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Algebraic sum: u(a, b) =a+ b —ab.

697

Standard union: u{a, b) = max(a, b).
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